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SPACECRAFT AND STELLAR OCCULTATIONS BY TURBULENT PLANETARY

ATMOSPHERES
A theoretical investigation of various wave propagation effects and their impact on

derived profiles of refractivity, temperature and pressure

ABSTRACT

tlhe long propagation paths involved in radio and stellar occultations by turbulent
planetary atmospheres require that the classical, weak scattering scintillation theory
be expanded to account for the inhomogeneous ambient atmosphere upon which the
turbulence is superimposed. Such coupling between the turbulent and the ambient
components of refractivity reduces the scintillation index by less than a factor of two
in shallow radio occultations. For stellar occultations the reduction varies between
this value for very small projected stellar radii, to approximately a factor of 3.6 when
the projected stellar radius above the planetary limb greatly exceeds the radius of the
free-space Fresnel zone at this distance. More profound changes are found in the
scintillation power spectrum, the shape of which depends strongly on both occulta-
tion depth and geometry when coupling to the inhomogeneous background is pro-
perly accounted for.

Set ond-order, systematic propagation effects calculated from both geometrical optics
and a wave-optical formulation show that the average phase velocity is increased in
the presence of turbulence. The finite (X-16 ) wavelength dependence of the phase
path bias implies that an initially non-dispersive medium becomes slightly dispersive
by the addition of turbulence.

Atmospheric profiles derived from occultations by turbulent planetary atmospheres
differ only slightly from those of the coresponding non-turbulent atmosphere when
the weak scattering condition is satisfied. Even so, there is strong indication that
profiles obtained from radio Doppler measurements are much less affected by turbu-
lence than those from radio or stellar intensity measurements. Systematic errors in
refractivity, . temperature and pressure are all small for either kind of measurement in
the limit of weak scattering.

Radio and stellar occultations, when properly conducted and interpreted, are a poten-
tial source of information also on turbulence strength, bulk flow scales, planetary
rotation and atmospheric winds.

I INTRODUCTION

1.1 Historical perspective

theoretical interpretation of the occultation of stars by planetary atmospheres
appears to have originated with Pannekoek (1903), who observed the occultation of a
star by jupiter on September 19 of that year. He recommended that such observa-
tions be made carefully: "Because they can give a determination of the temperature
distribution in the outermost layers of the planetary atmosphere, or more directly,
the way in which the horizontal refraction varies with height". The theoretical prob-
lem of deriving a refractivity profile from a luminosity record of the occulted star
was later reviewed by Fabry (1929), by Baum and Code (1953), and finally by Link
(1969), who was the first to employ numerical inversion techniques to the optical
data.

Io date observations of stellar occultations have yielded information on the atmo-
sphere of j ,tpiter throuh the occultation of a Arietis (Baum and Code 1953) and the
b-Scorpii systen (g lubbard ct at 1972, Veverka ct al 1974b). For a review of stellar
occultations by Jupiter, see Hunten and Veverka (1976). Structural information on
the utper atmosphere of Neptune was similarly obtained by the occultation of
BI)-17 4388 on 7 April 1968 (Osawa et al 1968, Kovalevskv anI link 1968, Freeman
and lynga 1970, Rages ct al 1974, Veverka et al 1974a). Stellar occultations by Mars
(Texas-Arizona Occultation Group 1977, Elliot ef al 19771, Young 1977). by Venus
(dc Vaiucoulcttrs and Menzel 1960, Veverka and Wasserman 1974) and by Uranus
(Elliot et al 1977a,. Millis ct al 1977. Hubbard ct at 1977) have also been recorded.

now
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Wijth thle advent of spacecraft imissio ns to t he pllanet s, occuiltat ion of' the sp~acecraft

itself has blecome at very important and comiplemeintary source tif information of thle
structutre of' planetary at mospheres. While stellar Occultatijons iare limited to fairly tenu-

OtiS atmospheric regions, spatcecraf't occultations, by virtue of' their much higher signal-to-
noise ratio, smaller platnet-to-spatcecraft distance, Mnid the D)oppler frequc1yC ats at new
dlata source, have opened ill for study Much deeper milospheric regions riot acces-
silble to earth-based optical oblservations. Thlis subj)eet was one of' several relatedi hista-
ic radar experiments inltroduced by V R Lshleunau lla the I1962 Review of' Space

Researcih conducted at thet- State Unliversity of Iowat by the US National Academy of
Sciences (Publication 1 079), and earlyI replorts bv- Fjeldlo (1964), Elshlenian (1964),
and Kliore ct a! I 1964) describe dletails of, its scienitific and engiineerinlg atspects. Since the
first en1counter of' Mars bv Mariner 4 onl 1 5 July 1965 (Kliore ci a! 1965, Fjeldbo ci

a! I 966 a, 1-~~~~jeldbo and Eshlemanl 1( 968). thle suibsequenit ocla . o aie n
10 by Venius (c g K liore ct a! 1967, \lariner Stanford (;roll 1967. I-jeldbo and
Eshleman 1969, 1-jeldbo ct a! 197 1, H oward ci a!t 1974, -jeldin) ci a! 1975), of' lio-
leer 10 an1d 11 I b J U)iter w Kliore ci a!t 1974, Kliore et (11 1975, Kliore and

W~oicesllyi 19 76, 1jeldbo et (it I975), of Piolleer I1 atM Sat urn (Kijore ci a!t 1980) andi
thle occultations of Voyager I and 2 by j tiliter i-siilenaue it ]!I979b) havec yielded
important new%\ results onl thle Structuire of botih thle atmlospiere and i onosp~here of
thiese very p~lanlets. Additional i'n si'tu information onl tempierature. pressure andi chemi-
call comp~ositj)in have been provided by thle \'nerat lailters descending into) the atmno
sphere of Venus ( cg Vakhinin 1 968, \ilogradov ci a! 1 968) and recently also iw tile
Pioneer Venus entry p~robes ( Seiff ci (1 19 979)

A-S tile potential vialbility of, the occultatllioni techiuliju has becen (demonstratedi inl a
rillnber of b)oth 01)tical and radio occu~ltt 015.d jSes it siii of litmilost impolrtance
concerns thle uccu rac " N of thle linformatio joln at mosphieric strtictutre obtaiined inl this
watv. AS it turns olit, the answer to this que11st io n is f ar fronm sinmple: sources of' widely
different character anld niagiiituitl conltribulte to the tultinmate error. It is remarkablec
thalt nlot Mnild thle ealrkx .inalVSes of till'- Pioneer 1t) and I I OC( 11i1iaoiS bIw Juptliter
p ro ofuced grOSS I tirrealIis t ic resuli ts, was t ie qjties t Iin of' accuracy raised ()i a Sen)o its

S\l~ Sstemal~tic basis (C F USlien 19 775, 1 lUbbird ci a!1 19 75).

1,6r to these difficulties, to wich I siiall return shortly, stellir occultation profiles
ilhl eclssete f(nailigStlsatalerr . \n otitstalliling, aind conitri-

Olitinl, fmctor has herc ec1Iii tile- large1 spikc.. ill iuiteilsity thbat appear to be a regular
fecature of' stellar occtultatioin light curves. Wit hout dloub~t, these features, caused bv
some as vet uniknlown vertical nic~rostrutictre inl the atmospihere, have hlampered thle
derivation ofI a refractivit\ lirohlil from tile occultationi data. ill partictilar inl tile
earlier days before thle n umerical inversion techlnique wais iiltro dticedl bv Kovalevsky

adLink ( 1968) to facilitate thle analysis of the HI)-17 '4388 occultation by Neptune.
Btit it is also clear t hat othier mna jor sources of error are p~resenit. P~erhaps the most
dramatic example of tiie (fifficlilt ies assolciat ed with this techniquie is p~rovidled by the
(Iiscrejpant refractivity profiles obtained by several research ,roup~s f'or the i3-Scorpi
Mcclltat ion lbV J Upiter. Of' the six\ recortded profiles ()ill\ thlree seemi to approach thle
factutal templeratuire (list ribti on ill the tipper j oviaul at mosplhere ( Vapillon ci a! 1 973,
I lubbard ct (at 19 72. Ve% erka et i 1 7 94b). For a reviewv of the O-Scorpni octil tat ions.
see lIointen aild \'everkau 11976). It is clear that nleantingflil restilts tdemand extreime
Cire in bo0th i lle exp-ininnil design phase, andl Aso dtiririg the recording, of' da.ta. It Is
Aiso esseintial that duet( regamrd be pidt to thle diffecrent piotetia l sources of error that
ma-Y arise inl thle subIsC~eqlnt data redtuct ion to obtain pro files of refractivity. teminlr-
ure andI p ressiire (see c, Wis-erniait aind Vt-verka 1 973. French ct (a! 1 978).

W~hen thle first radfio ictiiltitioui ;)rot'fies from the Mariner .1 Mars entotiiter ajpecareti
(liorcet cit 196i5, 1Ijeldbo 0i a! 1 966,aJ, Fieldbo and( FIIslemaln 1968). there was nto
reasonl to) dIoubt t heir general validity., except t hat thle uppler few scale heighits tf

these pofiles wecre somewhat in determinlat e ietatise of' partial!ly unknown botindarv

'-Vj
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conditions, a problem common to both radio and optical occultations. The sub-
sequent occultations of Mariner 5 and 10 by Venus on 19 October 1967 and 5 Feb-
ruary 1974, respectively, also yielded results that were in all major respects reasonable
(Kliore etal 1967, Mariner Stanford Group 1967, Howard et al 1974). Indeed, corn-
parisons between the Mariner 5 profiles and that of the Venera 4 landing module
(Eshleman et al 1968, Eshleman 1970), and between the Mariner 5 and 10 profiles
ani the Venera 8, 9 and 10 data (Nicholson and Muhleman 1978), display a substan-
tial degree of consistence, both between the individual radio occultation profiles anti
between these profiles and those of the landers where a comparison could be made.
On a finer level it is nevertheless clear that the small differences that still do exist
between the different Mariner 10 profiles are not due to either statistical fluctuations
in the data processing, or in differing assumptions regarding the initial conditions for
the profile computations (Lipa and Tyler 1979). D~ifferences by as much as 10 K

between the profile computations of Nicholson and Muhleman (1978) and Lipa and
Tyler (1979) and the initial profile of Howard etal (1974) probably require an
explanation in terms of the difference in computational procedures used to obtain
these profiles (1.ipa and Tyler 1979).

Fhe high confidence in the radio occultation technique, as a tool for probing plane-
tary ionospheres and atmospheres to depths not accessible to optical occultations, was
seriously shaken by the publication of the preliminary tcimperature -pressure profiles
obtained from the Pioneer 10 and 11 encounters with Jupiter on 3 )ecember 1973
and 4 )ecember 1974, respectively (Kliore etal 1974. Kliore et al 1975). Analysis of
the ionospheric part was hampered by multipath propagation until the several simul-
taneous signals were laboriously sorted out by hand (Fjeldbo et al 1975). In the lower
neutral atmosphere, temperatures were far in excess of those obtained from radiative-
convective balance calculations and on-board radiometric observations (Trafton 1973.
Wallace ct al 1974, Orton and Ingersoll 1976). The radiomctric observations fixed the
effccti\c atmospheric temperature at 125t2 K at the 500 mb level, far below the

400 K computed from the first analyses of the Pioneer 10 and 11 occultation data.
[his circumstance, further aggrevated by Gulkis' (Berge and Gulkis 1976) argument
that the 13 cm S-band radio signal could not propagate below the 280 K level corres-
ponding to the 13 cm atmospheric brightness temperature of Jupiter, led one to
conclude that the 'ioneer 10 and 11 radio occultation profiles were in all probahilitv
wrong.

[his unexpected situation spurred hectic efforts to uncover the problem with the
Pioneer occultation profiles. A major source of error, the neglect of planetary oblate-
ness in the inversion calculation to obtain a refractivity profile from the atmospheric
phase perturbations, was identified by I lubbard c al (19 75); see also Hubbard (1976).
\lmost siniultacousl\ Eshleman (1975) performed a general parametric sensitivity

,aalysis of radio occultation experiments, showing that small errors in either Doppler
rate, spacecraft-limb distance or in spacecraft velocity, were magnified by a poten-
tially large factor in such experiments. In the Pioneer 10 entry occulation this factor
became as large as 70. Eshleman also showed that there was more than one source
of major error in the original profiles, although correction for the oblateness or
velocity factor (lid make it possible to produce several temperature-pressure profiles
that are both mutually consistent and in reasonable agreement with the Pioneer
radiometer observations, in particular in deeper regions of the atmosphere, below
about 10 iob, where the effect of partially unknown boundary conditions is rapidly
decreasing (Kliore t al 1976, Kliore and Woiceshvn 1976).

Simultaneously, and independently of the events described above, a different line of
levelopmnent, from which also the present work arose, sought the explanation for the

erroneous Pioneer profiles in terms of smallr scale refractive anomalies, such as
turbulence, in the Jovian atmosphere. While layers, vertically propagating internal

-44
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gravity waves or turbulence had long been suspected of causing the large spikes seen
in stellar occultation light curves, virtually no systematic effort was expended up to
the year of 1976 to explore these possibilities. For radio occultation a first quantita-
tive step was taken by Hubbard and Jokipii (1975), who calculated the second-order,
systematic effect of turbulence on radio occultation profiles derived from Doppler
measurements. Hubbard and Jokipii showed that if exponential turbulence was
imbedded in an otherwise isothermal atmosphere, the average radio phase would be
retarded, progressively with increasing atmospheric depth, and yield a resulting tem-
perature profile that is slightly offset from the true profile of the quiescent atmo-
sphere. The Hubbard-Jokipii calculation was later critisized by Eshleman and Haug-
stad (1977, 1978) and Haugstad (1976), who showed that the average phase bias
caused by the turbulence was in the opposite direction (ic, the average phase was
advanced), and furthermore that the analysis, contrary to their claim, was valid only
in the limit of geometrical optics which is never realized in radio occultation experi-
ments. It was also demonstrated that taking proper account of diffraction effects
both yielded a wavelength dependence of the phase path bias and reduced its magni-
tude far below the value calculated from geometrical optics (Eshleman and Itaugstad
1978, tlaugstad 1978b,c,d, Haugstad and Eshleman 1979). While the precise form of this
systematic effect of turbulence, its magnitude and the question of wavelength depen-
dence, is still under debate, both parties appear to agree that this propagation effect
is too small to be of any practical concern (lubbard and Jokipii 1977a,h, tlaugstad
and Eshleman 1979, Hubbard and Jokipii 1979, Hubbard 1979. Eshleman and Haug-
stad 1979).

Another, and in retrospect more important step to clarify the effect of turbulence,
was taken by AT Young (1976). Young considered the larger. first-order random
effects of turbulence and argued forcefully that the intensity spikes typical of stellar
occultation luminosity curves were uncorrelated on a planetary scale and were in all
probability manifestations of turbulence rather than layers or other horizontally
extended structures. Developing a hybrid geometrical optics- wave optics scintilla-
tion theory that accounted for "coupling" between the turbulence and the inhomo-
geneous background upon which it is superimposed, Young argued that also radio
occultation experiments should be severely contaminated by turbulence effects.
Although Young's heuristic approach did not yield the correct form of this coupling
effect, which appears as a result of propagation over very long distances, his paper did
bring into focus turbulence as a major concern and undoubtedly stimulated other,
independent attempts to develop the correct theoretical basis for the first-order,
random effects of turbulence (Ishimaru 1977, ltaugstad 1977, Haugstad 1978b,c,d,e,
Hubbard et al 1978, Haugstad 19 7 9a, Woo et al 1980). These analyses showed that
Young's heuristic model seriously overestimated the effect of turbulence and further-
more indicated that previous spacecraft occultation profiles may not have been
seriously affected by turbulence (Haugstad 1978d,e).

Along a parallel line of development, interest was shifted from the possible
degrading effect of turbulence on radio occultation profiles, to the possibility of
extracting from the radio signal characteristics of the underlying turbulence. As
stressed by Woo etal (1974), infornation on the strength and spatial extent of
turbulence is important as a means of constraining theoretical circulation models of
planetary atmospheres. Not surprisingly, developing procedures for extracting such
information turned out to be but another aspect of the general problem of electro-
magnetic wave propagation in a randomly inhomogeneous medium with inhomo-
geneous (and possibly anisotropic) mean characteristics. The pioneering work here was
done by R Woo and A lshimaru, who applied standard weak scintillation theory to
conditions typical of radio occultations of planetary spacecraft (Woo and Ishimaru
1973, Woo and lshimaru 1974). The theory, not vet accounting for the coupling
effect discussed earlier, was subsequently applied to the Mariner 5 and 10 occultations*1i
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to yield rough estimates of the scintillation index and structure constant in regions
where turbulence could be reliably identified (Woo et al 1974, Woo 1975a); see also
Gurvich (1969), and Golitsyn and Gurvich (1971). The theory was later expanded by
Ilaugstad (1978c,d,e), Hubbard et al (1978), and by Woo et al (1980) to include effects
of coupling to the inhomogeneous ambient atmosphere. Power spectra of phase
(Haugstad 19 79a) and intensity scintillations (llaugstad 1979a, Woo et al 1980) were
calculated for a range of different occultation geometries and discussed in terms of
their potential usefulness for deriving turbulence characteristics from the radio occul-
tation data.

Even though the past 5-6 years have seen major advances in the theory of turbulence
effects in radio and optical occultations, fundamental problems still remain unsolved. A
common feature of all the turbulence theories quoted here, for example, is their
limitation to weak scattering conditions. While strong scattering theories suitable for
short-path, terrestrial propagation conditions have been successfully formulated during
the past decade (for a review, see cg Fante 1975), inclusion of the inhomogeneous
background essential to radio and optical occultation conditions, still poses an
unsolved problem in the context of strong scattering. This and other related prob-

V, lems, to be considered in the next section, undoubtedly constitute a principal chal-
lenge to future theoretical work in this field.

1.2 Objective and outline

The general problem to be addressed in this report is twofold:

a) To establish, by theoretical analysis, the effect of turbulence on radio and stellar
occultation temperature and pressure profiles

b) To provide a theoretical basis from which the characteristics of turbulence in
planetary atmospheres can be dervied from occultation measurements

In order to uncover the various facets of this extensive problem and, at the same
time, provide a justification for the particular aspects of this problem that will be
subjected to detailed examination here, it is convenient to consult the schematic
illustration in Figure 1.1. In order to solve the problem specified above, an essential
first step will be to formulate a realistic model of both the quiescent, ambient

atmosphere and the turbulence.
Once established, the problem con-
sists of calculating its effect on the

(P'LANETARY ATMOSPHERE , EFFECT ON PROBING probing electromagnetic signal. The
WITH TURBULENCE SIGNALresulting signal, contaminated by

effects due to turbulence, is then
subjected to the standard inversion

CHMA algorithm (ie, to its mathematical
CHEMICAL COMPOSITION INVERSION TO OBTAIN representation), by which a profile

" . ~OF ATMOSPHERE REFRACTIVITY RFL'F AIT PROFILE refractivity versus height is con-

structed from the probing signal.
Knowing the effect of the turbulence

/ DERIVED PROFILES OF 'on this signal allows one, at least in
--TEMPERATUREPRESSURE, principle, to calculate also the corres-

ponding effect of the turbulence on
the refractivity profile. If, further-

Figure 1.1 Schematic illustration of the effect more, the chemical composition of
of turbulence on atmospheric pro- the atmosphere is known, also pro-
files derived from occultation files of temperature and pressure
measurements may be computed and separated, at'"
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least in principle and in an average sense, into an ambient part and a fictitious
conijonrit caused byv turbulence.

While this p~rocedlure is in principle complete and ill solve the stated prob~lemn.
difficulties arise onl different levels when practical soIluiGonS are soughit. F-or instance,
whenci applving the result of an analysis of this sort to an\ s[)c~ifi o(cuill at ion.,
principal difficult\- arises from thc fact that the characristics of the turb~ulence,
which will affect the outcome of the wave propagation analysis, is usually not known
11 prwri. [he problemn is therefore iterative In nature: from a crude model of' the
turbulence its effect onl the probing signal miay b)e comiputedl atnd compared with thle

aculyolserved sig'nal, Fromi this comparison a refined turbulence mod)(el, closer to
hie factual distribution1 of turbulence, may in p~rincilet be constructed. etc.

But also major technical problems arise when Implementation of the scheme in Figure
*is attempted. As in terrestrial propagation experiments, the effect of turbulence

or elect rom agnet ic radtation frequently falls into one of the two limiting categories
of wveak or strong scatteringa. InI the formner case thle fluctuations in signal strength arc
small in terms of thle mean signal, whereas in strong scattering, thle root-mcani-Sqtiare
flutctuations arc comparable to the mecan signal strength (saturated scintillations).
While weak scattering theories wvere full\' develo pet1 lv thle nuid-six ties, only more

re l have stronrg scattering theories, due to thir rgreater mat hem atical -omle ~xitv,
bcen dieveloped into explicit forms that allow confrontation with observations. In
1 .Jio occultat ions two addititonal factors mdd to thle (oiplex it\ o (f thIiis piroblem:~
ti the actual inhomogeneotis nature of the ambient atmosp~here Cannot be nlccted.,
a'- is routinly done in propagation theories tailored to terrestrial conditions involx ig
ouLch shorter path lengths, and (i1) thle fluctuations inI anglec of a rriv~il of' the xae
front, a key quantity for assessing thle effect of t orbUolence onl at mospheric pro files
derix ed from D~oppler Measuremnieits, requires also thle pirecise' spatial ext cot of tle
orb oieiICe to be stip)ulated to1cal p~rop~erties arc not sufficient) and leads to a very
Muillicated analysis. ( Vor stellar occultations onkl the former oJl these, complicationls

Applies.1 We also inote that, because of the nonl-lilncar relationship betwecen thet turbu-
lent refractivity fluctuationhs and the amiplitude and ph ase, the calculated profiles of
Ic(tO erat ore andI pressure cointain hot h a s -stematic anrd a ranodomt part. lDuring weak

tUtcrng, conditions tilie systemiatic effect Nvill lie of' second order in small quantities,
.11d hceI( Much smaller thaii thle leading first-order, random effect -

II ax tog described and categoriietf aboxe the fill pro blem, xwe he re restrict ourselves to
gIving' a detailed treatment of certain, lii wcx er iniport ant. aspects (if the overallI
p~roblem, essentially covering and expaniding oii the iimaterial (developied in tilie quoted
publdicat ions b\ this author (I laugstad I 97 Sb,c,dx,, IIa ugst ad 1 979~a, Eshleman and
laugsmad 1977. Lshilcman and I laugstad 1978, Eslmciati and I laugstad 19 79, MaLg-

stal arnd 1:'sh leran 1 979. 1 laugstad 1 980). Ihu1LS, 'iirv ni cxpioso of th L.i ter
of rai o anrd stellar occultations in sectioin 2. we procedl to develop in section 3 the
hco1r\ of electromagnct it wave propagat iorii iii a nori-t orbulent atmosphere as the

lint it ing formn f a general wave-optical fortiulat ion. F-ront this approach the error
incurred uytl,1Ltinc neglect (if xx axe-optical effects in the conventional occultation
theiries, is readikl assessed - InI secti oi 4 thle zweak scat tciig t heorv of radiiationi prop1-
gat iri Ii r)Lugh a tuorb ulent llaretairv atmnospihere isdeveloped fromi a statioriar\- phaise
inethod (I laugstad 19 78 ( ) After hingm' estaiblishied an attiiosphenic model, the
residling forulaeLI are used to derive explicit resolts for (the wxeak scattering scintilla-
tI ot Index in both radio and stellar occultation experiments. We estabilish here also
the form of te po\,ver' spectra of the fluctuations in phase auttl intensity, and corm-

par th peit ted spectra xxith eixpierimenital data from tilte ericoont ers of Mariner 5
ri1I0 %xx tit Venus. Sectioin 4 concludes xvith I aeneral dIiscussion of' the validity (if

lie xveak scattering approximation, wxhichi is a fundamental linmitat ion of all thle re-
"tilts derived iii t his work.- In sectitn 5 we inx.s t i"ate to xvhlat ext ent turliuleric, again

4x \itIi ii the realiii of xveaik scattering, affects thie ulerivei profiles of t cim perat tire auth
ir(-ssure. Aisxvering t his question turns out to he relatively- simple for atmospheric

4
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profiles derived from stellar or radio occultation intensity measurements, llowever,
for atmospheric profiles derived from radio Doppler measurements the technical prob-
lenis are formidable, as previously indicated. For this case a physical, semi-quantita-
tive approach avoiding the core of the mathematical difficulties has been adopted.
The section concludes with a discussion of the small systematic effects of turbulence
on occultation profiles. In section 6 we devote attention to a relatively new topic in
this field: the effect of turbulence in deep radio occultation measurements. The basic
theory of deep radio occultations (Eshleman et al 1979a) is combined here with the
scintillation theory developed in section 4 to yield results for the scintillation index
and l,',( SJic'Ctt1t[to cl'Si to a refractive focus (Ilaugstad 1981). The theory is
applied to deep radio ocultattiul, ,it plantrctr, atmospheres (the Voyager I Jupiter
encounter), and to the suggrested use of thc gra itationl lens of the sun for eaves-
dropping and communication over interstellar distances (Eshleman 1979). We con-
clude the present work in section 7 by discussing t gencral procedure by which
information on the strength and spatial distribution of turbulence may be extracted
fIo-- occiltation measurements, exploring both the potential feasibility and the inhe-
rent limitations of this schemt. Section 8 sumnlarizes the results of the present work,

and expands the perspective by reconiiuedino where future work in this field should
he dilctc(l.

2 RADIO AND STELLAR OCCULTATIONS; FORMAL THEORY

2.1 Profiles of refractivity, temperature and pressure

[he derivation of %crtical profiles of tcmperature and pressure from occultation
nicasrtrcnents pr, iccds in two stages. In the first a refractivity profile is determined
from the atmosplhcric pcrturbations of either phase or intensity of the probing signal.
In the second stage the refractivity profile is used together with possible knowledge
about the chemical composition of the atmosphere to calculate profiles of temperature
and p)ressure.

For the first of these steps. consider Figure 2.1 which illustrates a spacecraft partially
I)(cuIltcd by a planetary atmosphere, the refractivit\' of which is assumed to be a

RAY ASYMPTOTES

PARALLEL RAYS
FROM EARTH a 1/

Vt

I" iZu -' 2 1 RaY path and simpli.jed occultation geometry defining the' ray bending
nngl a. tlit impact parameter a, thc radial distance to the J)oint ofloses.
approach (periapsis) ro, and the planet to spacecraft distance D as mcasureil
from the planetary centre
'The spat vi rifl t %locitN is resolved into a component 'V parallel to the inoning ryw
asymn)totc. and 1 (onil)inent v, in O- plane of the sky.
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function of the radial coordinate only. (For stellar occultations the earth replaces the
spacecraft and D is now the planet-to-earth distance.) It is assumed throughout that
r0 > r0 c, where roc is the level of superrefraction, below which the ray encircles the
planet and fails to reach the spacecraft. (For a discussion of this interesting possibi-
lity, see Lipa and Croft (1975), who also calculate the refractive attenuation of the
critical ray.)

Let the refractive index n = 1± v, where v is the atmospheric refractivity. The quanti-
ties n and a are related by an Abelian transforn pair (eg. Fjeldbo et al 1971,
Phinney and Anderson 1968)

a(a) - -2a 7 dn dt (2. la)dl n( 2 7a 2 )1'2

da(a') ()'(.b
T I n(ro _ cosh" (21b)

a da a

where nr, and where r0 and a are related by Bouguer's rule (Born and W\olf 1975)
as in

a = n(ro) r0  (2.2)

Let k (k = I k I = 27r/X) be the vector wavenuniber of the radio wa~e after refraction.
If the planet is assumed stationary with respect to the earth, the additional Doppler
frequency f caused by atmospheric refraction through an anl" 0 is

Xf = k v v( cosa I) + \ tcos siia 12. 3a

where k r k/k. and where 0 is the (positivc angle betweten \ t and the plane of
refraction. If v is lying entirely in the plane of propagation (0=0). the simpler first
order form of equation (2. 3a) is

Xf = vt (2.31)

From extrapolation of radio tracking data during times when there is no atmospherit
perturbations of the radio wave, the position and velocity of the spacecraft are
known..\ccordin to e'quatiors (2.3a) or (2.311, a measurement of the atmspherit
Doppler f yields the bending angle a and hence the impact parameter a. Irom corres-
ponding valtes of a and a, the differential da/da ma' be formed and hence, upon
periorming tie indicated integration in equation (2.1 b), the refractive index correspon-
(ling to a g .,en impact parameter is obtained. Application of the Bouguer-relation
(2.2) finally yields the desired n(r 0 )-profile.

Calculation of a refractivity profile from stellar or radio occultation intensity
measurements follows an essentially similar path. [he fundamental equation is still
(2.1b), but now da/da is expressed in terms of the intensity of the probing signal.
Indeed, for small bending angles and neglecting focusing of the wavefront around the
curved limb (al) << R), geometrical optics flux conservation yields for the intensity 0
of the near-limb ray

- = l)dal/da (2.4)

when 0 is normalized to unity before refraction. Thus, since a(t) is known, a measure-
ment of 0 versus time t establishes c a/da, and via equations (2.11)) and (2.2) also the
refractivity as a function of atmospheric depth.

(.
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For an isothermal atmosphere, where v varies exponentially with height with a con-
stant scale height t1, equation (2.4) may be manipulated to yield

Vl -(12) + ln( -1) (2.5)

Here v, is the component of tile spacecraft velocity in tile plane of refraction that is
perpendicular to tile ray before refraction. The time t is taken to be zero when

- 1/2, ie. corresponding to the nominal occultation level. An essentially identical
form of e(uation (2.5) was first derived by Baum and Code (1953) and has since
been used extensively in the interpretation of stellar occultation measurements. Thus,
for an isothermal atmosphere the intensity-time profile 0(t) yields the temperature T
directly if the mean molecular mass m is known, since T= mglH/K, where g is the
acceleration of gravity and K is Boltzman's constant.

Equations (2.4) and (2.5) strictly apply only to a point source. For stellar occulta-
tions the intensity 0 should he convolved with the brightness distribution of the
projected stellar image in the occulting atmosphere. As shown by P J Young (1977),
however, the resulting corrections for the finite angular width of the star are normally
altogether negligible

Once a refractivity profile has been obtained from either Doppler or intensity
measurements, the hydrostatic equation may be integrated to yield the temperature
profile T(r 0 ), and by the perfect gas law also the pressure profile p(ro). In a well-
mixed at mosplhere of non-polar molecules we have (c g, Fjeldbo and Eshleman 1968)

ro

l'(r) (r0 I v(r°1 ) + - f g(r') v(ro) dr 0  (2.6)
V(ro) K v(ro r o1

p(ro) - ro (r0 ) (2.7)Vin

In these equations m is the (constant) mean molecular mass of the atmospheric
constituents, vM is the mean "refractivit" volume" (i c. the refractivity at standard
conditions divided by Loschmidt's number), and K is Boltzman's constant. Equation
(2.6) assumes a boundar' condition high in the atmosphere at r0 = r0 .

ftaving reviewed the formal occultation theory it is appropriate to add a few com-
ments relative to our objective, as stated in section 1.2. We note first that the
procedure described above assumes the atmospheric refractivity to be spherically
stratified. Turbulence, representing small inhomogeneities in v over a continuum of
scale sizes, clearly violates this provision. One might think that, since occultation
experiments arc sensitive to atmospheric properties over a distance V Q (RH)" 2 in the
direction of the ray, the calculated refractivity profile when turbulence is present
N would contain an additional component equal to the average turbulent refractiity over
the distance Q. This is not the case, however. As indicated in section 1.2, turbulent
refractivity fluctuations in fact produce changes in signal strength that grow with
distance and may eventually become comparable to the mean occulted intensity, even
though the turbulent refractivity fluctuations are a small fraction only of the ambient
refractivity. The intensity fluctuations also depend on the radiation wavelength X,
whereas the geometrical optics intensity formulae (2.4) and (2.5) by their nature are
independent of X. We thus conclude that turbulent refractivity fluctuations cause the
derived refractivity profile to depart from the "true" profile of the ambient atmo-
sphere in ways that may be largely independent of the generic fluctuations in refractivity
at the ray periapsis. For these reasons, explohring the ellects of turbulence on atmo-
spheric profiles obtained from occultation measurements constitutes both a legitimate

* and important scientifi endeavour.



16

2.2 Effects of boundary conditions and various measurement errors

For pratticai rcasons, the inLegration in equatioii (2.1b) has to be truncated at some
upper limit a' = a,, say. For an isothermal atmosphere the resulting fractional error in
derived refractivity, 6k,, is approximately (Wasserman and Veverka 1973)

1V = I - eri' (r -- r0 )(1 2.8)

where 0' = 11 is the scale height, erf(-) is the error function, and r,, is related to a,
via Bouguer's rule. The form of equation (2.8) implies that the refractivity error
decreases rapidly with increasing penetration of the rav' for ro, -- r0 

= 211, 6 v - 5%,
while three scale heights below the starting point of the integration 6 V  - 1.5%. From
equations (2.6) and (2.7) it is found that also the associated temperature and pressure
errors decrease rapidly below the first few scale heights of these profiles.

.n additional error in F or p arises from the essentially unknown boundary condition
in temperature. From equations (2.6) and (2.7) it is seen that an error AT(r 0, ) in the
boundary temperature yields errors

AT(r 0 )T(r(r 01 ) v(r 0 1 ) (2.9)
v(r ))

Ap(r0 ) V- -,v-'-- _2AT(r(, 1 (2.10)

in temperature and pressure, respectively, at depth r0 . While the temperature error
decreases rapidly with depth (eg, exponentially for an isothermal atmosphere), the
absolute pressure error is constant with depth. The fractional error in pressure
decreases rapidly with atmospheric depth, however.

The effect of different types of measurement errors on the determination of p and T
has been considered by Eshleman (1975), and in part also by Ilubbard ct a! (1975).
Following Eshleman (1975), the temperature scale height of an assumed isothermal
ttmosphere may be expressed in Terwo ,of spicccr:tt tr;iiectory data, the radio
IO ppler f, and its time derivative df/dt as in

X ( 12 1-- I(2.11)
Xvl) XD 2L

dt

Alternatively this relation may be written as

M(S - 1) = 1 (2.12)

where the dimensionless magnitude factor M and the sensitivity factor S are defined
by comparison. Since N1 for planetary occultations may reach a hundred or more. S
only slightly exceeds unity over most of the atmospheric region probedt..s 1ointcd
out by Eshleman (1975), S is identicallh unity for benlidi:, aounLd .I 'ixed limb
(11=0), as in classical knife-edge diffraction. All information about atmospheric struc-
ture is therefore contained in the small excess of S over unity.

Referring to equations (2.11) and (2.12), absolute errors AS in S and A(aD)=
A(Xf/vl) in the deflection of the ray rodut,, .I fructionl error in t ,ivn b\

AH = MAS + A(al)) (2.13)
I2 I) o rDfdt opisn r

.lhus fractional errors in any of the quantities v', 1), X or Idf/dtl comprising S are
magnified by the potentially large factor M = aD/l1. while a fractional error in a (i v,
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in f) produces only a comparable error in Ii. If Idf/dtl, D or X equals (1-A) times its
true value, or if the derived vi2 is (1+A) times its true value, then to first order in A
and for large M (Eshleman 1975)

f 1 4 MA (2.14a)
T't

'L 3/2

t = ( (2.14b)
Pt lt

where Tf and Tt denote the false and true temperature profiles, respectively, and with
a similar notation for p.

Despite the potentially large error in derived profiles induced by small errors in S,
temperature/pressure profiles derived from Doppler measurements are still more accu-
rate than corresponding profiles derived from radio or stellar occultation intensity
measurements, provided that the radio Doppler can be measured at least M times
more accurately than the intensity, which is normally the case. From equation (2.5)
it is indeed found that errors in either v, or 0 yield comparable errors in the scale
height determination, and hence in T. This is also the reason why stellar occultations
are routinely terminated when the residual light flux is comparable to the expected
error in baseline determination, which is typically a few per cent.

l)igitization and subsequent data processing also introduce errors in the final T-p
profiles. Such errors are highly dependent on signal to noise ratio during data trans-
mission, and on the specifics of the data processing algorithms used, as discussed in
detail by Lipa and Tyler (1979).

The previous analysis apparently allows the following arguments to be made concern-
ing the effect of turbulence on occultation profiles. Turbulence causes the actually
obsened bending angle ot to deviate slightly from the "true" value of the quiescent,
non-turbulent atmosphere. According to equation (2.13). a change in a produces a
comparable (ic, small) error in It and hence in T if these quantities are obtained
from radio Doppler measurements. Atmospheric profiles derived from intensity
measurements, on the other hand, contain errors that are comparable to those in
intensity according to equation (2.5). Since intensity scintillations due to turbulence
may become comparable to P itself, it follows that the resulting temperature error
hay also be appreciable, unless some "smoothing" procedure is applied that suppresses

the scintillations. We shall see from the more stringent analysis in section 5 that these
contentions are indeed true.

3 ELECTROMAGNETIC WAVE PROPAGATION IN A NON-TURBULENT PLANE-
4 TARY ATMOSPHERE

3.1 General formulation

Standard formulations of electromagnetic wave propagation in a spherically sym-
metric, non-turbulent atmosphere are based on geometrical optics. The rationale for
this is the tact that the radius of the first Fresnel zone is smaller than the atmo-
1spheric scale height by typically a factor on the order of 10, cf Table 3.1. We depart

here from the common geometrical optics approach by formulating the propagation
problem in a wave-optical context, from which the proper approximations leading to
the standard geometrical optics results will appear in a natural way. The small wave-
,optical corrections to these results are also readily obtained from this approach,

which also provides the notational framework for the generalization in section 4 of
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OCCULTATION_ H_0_________

MARINER IONENUS 101 1.5_ 104 1.4-

PIONEER 10/JUPITER 30 2.2. 0 5.3-

VOYAGER 1/JUPITER 30 5.6-10O, 7.3-

03ScaA/JUPITER 30 6.5 -10" 0.57 0.55

B017 04388/NEPTUNE 50 4.5-109 1,5 5 _

rable 3.1 Representative values ]or various radio and stellar occultations
'rhe table gives representative values for the sc-ale height If. approximate planet-to-
spacecraft (or earth) dlistanice 1), radius of the tree-spa-e 1-resnel lone aF() and
p)rotc-ted linear radius .t 5  of two occulted stars. All lengths are in kilometers. Trhe
two stars are observed tA 0.5pMm. while X=0.13 mn (S-hand) has been assumed in
the calculation Of aIF, for the radio occ(ultations.

PHASE SCREEN thle weak scattering scintillation theory
PLANE WAVE to include thle inhomogTeneous ambient

atmosphere.

T We shall assume throughout that the
effect of the actual atmosphere on

S/C elect romagnetic waves may be repre-

sented I)-, a thin slab of thickness Q << 1)
r2 ind refractivity vo, the effect of which

Y/ is to cha nge the p)hase of the wave but
leaving its amplitude unchanged, see
F.igure 3.1. We shall find that this thin
screen approximation is always valid
for ray bending angles a<< (H/R) 2
where *11 is at typical scale of variation
of the spherically stratified atmosphere.

Figure 3. 1 41 phas sichanging scre-en o.1
thickness << 1) repIresents the L~et E(r, ) be the complex electric field
i nhvmnizi'n s amb int atmno- osf the wave in thle plaine x = /2 upon
sp here exit from the phase screen. In position

Position vectors r i and T2 refe-r to the exit face of r2 behind the screen the field is (e g,
the sc-reen and an arbitrar\ field point a distanc'e Goodman 1968)

1)~~from the-% reetn, rcspe, t ivel v

e\Prkr r~i)" - 1 ] 05(fi,C) (1ri (3.1)
21ri -- ,r2  r, I

where drjjdv d, is a differential area on tile exit pslane x = Q/2 of the screen. The
tohliquit% factor. ctos~ fi,e), accounts for the angle hetween the normal fi to the phase
screen atnd the dhirection i (r 2 ri )/lr 2 ri I to the observer. If the spatial extent of
the refracting medium p~erpetndicuilar to the raivpath is small compared to D. the
angle L f, -(0 and cos(fi, ) - I. vihile )r2 rlI- 1). Ibis paraxiatl app~roximation is
asssumed throughout. Consistent with the thin screen approximation, an incident plane
wave of unit amplitude has an electric field at exit given hy Fi(r1  exp(ikSO), where
So is the change in pshase path thr"ough the screen. We shall see in section 3.2 that,
consistent with thle thin s( reen approximaitio~n, the phase change mnay be calculated by

( ~~integrating V-') along .tSrih iepahtruhtesreen, instead of following the
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actual curved raypath. Thus So 
= fvo(x,y 0 ,zo)dx, where (yo,zo) are the lateral

coordinates of the ray upon entering the screen. If Q (27rRH) 2 , it also follows that

So = VoV, where vo is now referred to the ray periapsis of the actual exponential atmo-

sphere of scale height 11.

With these provisions equation (3.1) may be expressed in the form.k

k-i 21
= 21ki- f e dr (3.2a)

where

;P = 2D(D + SO) + (Y2 yl )2 + (Z - ,)2 (3.2b)

Following Ilaugstad (1978c) (see also, Hubbard and Jokipii 19771)), we expand 'p
around the point of stationary phase (yo,zo) of the integrand, i e

C cv, Yo )'(Zm zoP (3.3a)

where

c ija? ' (3.3b)
az , Z I =Z 0

The stationary phase point is defined by the conditions co, (y =yo, z Izo) =

cIo(.VI =Yo, zI =zo) = 0, yielding

Y0 = Y2 - V Zo = z 2 -lD

where ac and 0 are the ray bending angles in the xz- and xy-plane, respectively, as
given by a = fvo, (xvo,yo)dx and 0 = fvo.\ (x,yo.zo)dx. (Subscripts y, z, yy, yz, etc
denote partial differentiation in the usual way.) Successive determination of the re-
maining coefficients ci. yields. through second order

coo = 21)21 (a + 2)+ 2DS,

Co, = CIO = 0 (3.4)

C02 = 1 + \I c = 0 C2 = 1 4- N

The two quantities \1 and N play a central role in the subsequent analysis; they are
defined by

M = fvo.zz(x,yo,zo)dx , N = fv 0 ,vy(x,y 0 ,z0 )dx (3.5)

where the integration is again understood to be through the screen from x = -Q/2 to
x = Q/2.

Equations (3.2)- (3.5) constitute the basic mathematical framework for the sub-
sequent analysis in this and also in the next main section.

3.2 Geometrical optics

We shall assume, tentatively, that the stationary phase expansion (3.3) can be trun-
cated after the second-order terms, i e, we define cii (i+j > 2) 0. In this case equa-
tion (3.2a) becomes

(

--....
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i COO0

E~ -ke 2D (y I-f [  YOY), +- _ 0'k I (zI - zo) 2

E(r2)eD Tffe 2D Y' dr 11  (3.6)
2iriD --

where we have defined

C02 - + (3-7)

The integrals in equation (3.6) are of the Fresnel type when evaluated between the
limits ± - as indicated. Apart from possible contributions from the neglected terms in
the stationary phase expansion, the very presence of the planet itself requires that a
circular region of radius R, centered at z, = r0 , be excluded from the integration.
However, due to the rapidly decreasing contribution to the integral from wavelets
originating from positions IzI -z 0 I > (ND)" 2 Oz'2 and ly --y0l > (XD) 2 ¢ '' from
the stationary phase point, the presence of the planet can be ignored. tvaluating
equation (3.6) for the intensity = El2 thus yields

0 = 0yOz (3.8)

This result, independent of k, is the geometrical optics intensity formula for a spheri-
cally symmetric refractivity field. It can be derived from a flux conservation argument
directly, or from a geometrical optics formulation based on the Eikonal equation
(Haugstad 1978e). Truncation of the stationary phase expansion after the second-
order terms therefore restricts the validity of the resulting intensity formula to the
realm of geometrical optics. We calculate in the next section the lowest-order,
k-dependent correction to equation (3.8), and thereby also establish the region of
validity of this result.

Equation (3.6) provides an interesting wave-optical interpretation of ray bending in

an inhomogeneous medium. Indeed, the phase-factor

_L 10 -= [ i (y | --y o)2 4, 0 )Z I (Z I _ -Zo ) 
l

has the constant value ir on the circumference of an ellipse centered at (yoz 0 ) with
semi-axes

a.. )2 (XD) i/2 , a -.=Oj' 2 (XD) 1/2 (3.9)

in the y- and z-directions, respectively. Refraction thus distorts the originally circular
shape of the free-space Fresnel zone of radius aF, 0 

= (Xl))"2 into an ellipse with
semi-axes given by equation (3.9). The property that the intensity is proportional to
the square of the area of the first Fresnel zone is preserved, however, since
(lraF,haV/ra~0 )2 = oyOz, in agreement with equation (3.8). We note also that
diffraction effects, through the inclusion of higher-order terms in the stationary phase
expansion and in 0 above, will cause the atmospheric Fresnel zone to deviate slightly
from its strictly elliptical shape in the geometrical optics limit.

For a spherically symmetric and exponential atmosphere the definitions (3.5) may be
used to show that

M = aD/H , N = --aD/R (3.10)

in this case. The corresponding result for the intensity is

-1= (14- LD) (1 _R)) (3.11)
H R

-- V
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which reduces to equation (2.4) when
focusing is negligible (aD R). In the
present case refraction expands the
free-space Fresnel zone by a factor
(1-al)/R)'' 2 _> I parallel to the limb,
while at the same time conpressin4
the vertical scale by the lactor
(1-al)/tl)1 '2 < 1, see Figure 3.2. As

aD -* R, the spacecraft approaches the
center of the planet, as viewed in the

+ plane of the sky, and equation (3.11)
.. -.. predicts 0--o. Diffraction effects

, f - limit, however, the intensity to a finite

PLANETARY value whose magnitude is readily ob-
LIMB tained from the physical picture de-

veloped above (cf. Eshleman et al
1979a).

Figure 3.2 Schematic illustration of the The phase in the geometrical optics
changing shape of the atno- approximation is obtained from equa-
spheric Fresnel zone as the tion (3.6) by writing the electric field
observer approaches the focal as E = A exp I i(kS - wt) 1, where A is
le in the plane ofthc sky the amplitude and kS is the phase. Per-

forming the integration over the screen
it is found that

kS ki) 1 So (y oZ ) I l)(C2 023)1 (3.12)

[hc sum kl)j 1 1/2(a 2 
4 32 )] is simply the increase in phase by following the gcomet-

rical, refracted path to the rcceivcr. while kSO is the additional atmospheric phase
perturbation inside the refractive medium.

The previous developments arc all based on the thin screen approximation, as defined
in section 3.1. Equation (3.8), or more conveniently equation (3.11), may now be
used to explore the validity of this approximation. For this approximation to be valid
it is sufficient that the change in intensity 0 through the medium be small. Thus,
putting I) = V - (RIi )12 in equation (3.11), we find that the thin screen approxima-
tion is satisfied if

a < Il/V (II/R)1 2 (3.13)

That is, the deflection of the ray inside the refractive medium should be a small
fraction of a scale height only. The integration of V0 along the actuA curved raypath
to obtain the atmospheric phase perturbation can therefore be app oximated by inte-
gration along a straight line path, as already assumed.

The scemingly restricti\e condition (3.13) is found to have been satisfied for most
past radlio occultations. It is invariably satisfied in stellar occultations where the
Optical rays suffcr nuth smaller bending. Using , direct flux conservation argument
not restricted I)\- the thin scrcen approximatin, .Eshlerman et al (I 979a)have dcri\cd a
generalization of our cjlation(3.1l) that reduces to this result when the condition
(3.13) is satisfied.

* . - ,- -w a' "l I k I
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3.3 Wave-optical effects

Since the tree-space Fresnel zone is a small but finite fraction of atmospheric scales
of variation, the true phase and intensity of the radio wave deviate slightly from the
geometrical optics results of the previous section. Close to the focus, where aF,h
increases without bound, wave-ot)tical effects eventually become dominant for any
finite value of the wavenumber k, as noted previously. We calculate below the magni-
tude of these diffraction effects in the two limits where, (i) a Fh --- aFO, but with no
additional restriction on aF.v, and (ii) when aFh 1oo ie, when the intensity is
critically controlled by focusing of the wave around the curved limb.

The former of these cases is most easily treated by expanding the phase factor ,
beyond the quadratic terms and retaining the lowest-order correction to the electric
field E. Writing

z- [@ (Yi-Yo) 2 + z o (zI -z 0  c 0 (zI - o) 3 4c 2 (z, -Zo) 2 (, -yo) + ... (3.14)

it is found that the leading, finite wavelength correction to the electric field involves
terms of the form (z I-zo)

4 and (z, -zo)8. Putting E = E 0 (1+6E), where the geomet-
rical optics field E0 = I.'/ Z F2 exp[i(kS--wot)] and 5E is the lowest-order fractional
correction to E, we find'after considerable algebra that

i )(lI_Oz) 35 (l _0)24 (3.15)
3 2 z k 384' k.

where we have defined 0 - 1/11 as the reciprocal scale height. Thus there is a correc-
tion k6S to the geometrical optics phase by an amount

k6S = - z ( l - ) 2-) (3.16)
32 k

There is also a fractional intensity correction given by

_ 1 _) k (3.17)
0 192 /

This latter result is functionally similar to a corresponding result by lHbbard (1979)
for propagation in two dimensions.

Since the atmospheric phase perturbation kS 0 = kv 0 - kllat, it follows from equa-
tion (3.16) that the fractional change in phase due to diffraction is

k6S 1 1 
' I (3.18)

kSo F 
z k

That is, there are fractional corrections in phase and intensity that are both propor-
tional to K =_9

4 ID2 /k' and that decrease rapidly with occultation depth. Since
K spans a range of order of magnitude 10-4  10' for past radio and stellar occulta-
tions, these corrections will normally be altogether negligible.

Sufficiently close to the focal line aD = R, diffraction effects eventually become
dominant for any finite value of k. Letting rj denote the perpendicular distance of
the spacecraft from the focal line, Hubbard (1977) has shown that for an exponential
atmosphere the intensity close to the focus is given by

4,' 12r _ 2 _ ) (3.19)
#0" I' 0  Xl

(
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where Jo is a Bessel function of zero order. The focal intensity maximum is thus

Omax = 4 r'2 RH/XD (3.20)

with a characteristic width

w = XD/R (3.21)

For w 4 r.L 4R, the average intensity reduces to the geometrical optics result (3.11)
when allowance is made for a doubling of the intensity close to the focal line where
the two limbs yield nearly identical contributions to the average intensity. Since w is
typically a small fraction of a meter, the ray-optical intensity formula (3.11) is valid
extremely close to the focal line. .As shown by Eshleman et al (I 9 79a), the results
(3.20) and (3.21) may also be derived from simple physical arguments relating to the
limiting distortion of the atmospheric Fresnel zone as the focal line is approached.

4 PROPAGATION IN A TURBULENT PLANETARY ATMOSPHERE

4.1 Phase and intensity in the weak scattering approximation

*rhe development of the previous section provides a framework for calculating the
effect of turbulence on electromagnetic wave propagation. In the thin phase screen
approximation turbulence merely adds a component

i/2
S= f vi (x. y0, z 0 ) dx (4.1)

to the total optical path length at the exit face of the screen. It is assumed through-
out that the turbulent component of refractivity, vi, has zero mean and satisfies
<V' > 4 ,'o. Equation (3.1) takes the form

k-21) +(Y2- _(z _)2+21)(S, +S,
E(r 2 ) k ffe 1) drl1  (4.2)

21ril) --

In the weak scattering approximation kjSj I < 1, and the integrand in equation (4.2)
may be expanded around the point of stationary phase as before. Expanding the
electric field E =-E0 + EI + ..., where E0 = (l+v0 ), EI =(9 (v, ), etc, we thus obtain

ik Coo - 1 ---I ,

E,(r2) k 2Dze 2 v, (x, yo, z0)dx ff dr1

(4.3)

after retaining only the quadratic terms in the stationary phase expansion. Let

V1 (x y1 zl) =, ff eilUxX, ± Uv(Y1 -Y0 )+ Uz(zi-zo)IdZ(u) (4.4)

be the Fourier-Stieltjes representation of v , , where dZ(u) = Z'(u)du (du
duxduyduz), with ux, uv , uz being the spatial wavenumber components in the x-, y-,
and z-lircctions, respectively. The Fourier amplitude Z' of vi has been referenced to
the stationary phase point (yo, z0 ). For a homogeneous and isotropic random field
<Z'(u )Z'm (u 2 )> = 1)(u, ) 5(u, u 2 ), where q1 is the spatial power spectrum of v, and
6(.) is the Dirac delta-function. (ombination of equations (4.3) and (4.4) yields after

algebraic manipulations
" ik C -00

E (r2  k4 21) ff1 sirO x Z'(u? 2(uj) du (4.5)
2 IT
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Here sinc(-) is the sine-function, u, = (Uy, uz) and we have defined
-il [opvU2, U214] i k (0 ! +l VI + k- ,1,2 '

2k u z 2 1) i( z00) 1 2 +)0z Zi1 ], ,4.6)

S= Ve 2ffe 21) 7 dyldz,

The first-order perturbation in intensity normalized by the average intensity and
the first-order perturbation in phase path, S, , arc related to E, as in

$1 = 2 Re[ E t E, S, = k 0nE0' E3

respectively. Since E0 = OV OZ exp(ik coo/21)), we obtain after integration over the
phase screen in equation (T.6)

-2 kVfffsinc (- x ) Z'(u) sin (P) du (4.7)

Ux Z

S1 = ff sinc( , ) (u) cos (P) du (4.8)

where we have defined

p = l + ( u ± (4.9)2k . Y.

For the mean square of these quantities we obtain, assuming L.0 < V (1.0 is the outer
s(ale of turbulence)

> 87k' f ( 1 ) sin 2 (11) du, (4.10)

1 2fr( Jf ,l,(u 1 ) cos2 (P) du,. (4.11)

thC quantity <o > is called the scintillation index, the square root of which is often
termed the modulation index.

lIquations (4.10) and (4.11) are the appropriate generalizations of the w eak scatter-
i31g. mean square fluctuations in intensit\ and phase )ath to turbulence superimposed
on an inhomogeneous background. (For stellar occultations the intensity should be
convolved with the projccted stellar brightness distribution in the occulting atmo-
sphere, see section 4.3.) The effect of the ambient atmosphere is seen to appear only
through the (luantities ON and 0z, whose interpretation in terms of the mean signal
intensity was established in the previous section. A sufIfiCiCnt condition for neglecting
coupling to the inhomogeneous background atmosphere is therefore that ON, 0, both
be essentially unity, or e(ialenttly, that the change in intensity caused by the
ambient atmosphere alone be negligible. this condition is not satisfied in either radio
or stellar occultation cxpcriments, however, implying that interpretation of weak

a scintillation data in such exl)eriments should proceed from the generalized formulas
derived here. Surveillance of the earth's upper atmosphere using a pair of satellites
may also involve sufficient ray bending for weak scintillation data to be analvzed in
terms of the results given here, especially if the raypath traverses regions of thermal
inversion where the local value of 2 v loz 2 

, contained in the lefiniition of Oz, may
attain appreciable values. It may be noted that although the previous derivation has
assumed Pi to be a strictly homogeneous and isotropic random variable, the results
(4.10) and (4.11) are still valid if VI is inhomogeneous, provided that the scales on
which the inhomogcneities occur are large compared to any other scale of interest.
i c, to 1. and the Fresnel scales a., .h' "

Having established the first-order. weak scattering results for plhase and intensity
appropriate to radio and stellar occultations, it is important to explore their validity.
For the ambient atmosphere the thin screen approximation was found to require
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a (II/R)' . Since the first-order intensity and phase perturbations are both func-
tions of Ov, 0,, the condition on the smallness of a also applies in this case. The thin
phase screen approximation also requires that the scintillations in intensity be small
inside the screen. Ihis condition is automatically satisfied, however, since we shall
prove in section 4.3 that I0 > is small compared to unity at any distance from the
screen when kiS (r, )I < 1, i e, when the turbulent phase perturbation at exit from
the screen is small. We observe, finally, that since V < 1) the quantities Ov and 0, do
not change appreciably through the screen and may hence be associated Wvith a fixed
spacecraft-limb distance x =1).

The stationary phase expansion also imposes certain restrictions on the validity of the
previous results. 'These limitations are most easily appreciated by noting from the
derivation of equation (4.5) that if A v- Yo yo and Az = z -z 0 , a Fourier compo-
nent of wavenumber uI (u\.,u,) ,i\es a contribution proportional to

k Ny D 1) 12 (A+1) zIz})2,_qi. z 2 +k
.ie 21) dAy dz (4.12)

to the perturbed electric field at the receiver. efiiing u\. 21r/(, and Liz - 27r/C z , it is
seen from this expressioo that ,1n Cddv of wavenumbc'r components uv , u z gives a
ont rmri 1thi t,) th perturbed electric field that originates from' a position

A v ,I),y, j Az. = N z .l)/ z ) relative to the stationary phtase point. Such cle-
mentarv Wac contribut ions are thus scattered through anles 0.. =vX/Qv and 0z 

=

9, NX," in the x'. and xz planes, respectively. When ON. Oz '1, this is' essentially
the Bragg condition for diffraiction b\ a sinusoidal spatial diffraction grating. Now.
for Kolhnmooro% turbulence <S2> and <0 > may be shown to derive their principal
contributions from eddies of dimension (\., Q L,0 and (Q., z) - (a F,h, a -'v). res-
pectivelV. he quadratic approximatiom of the stationarv p~hase expansion should
therefore be \alidated to distances A\.,- O\, I)/L 0,. .z, -,O XI)/L 0 and IAyI-
aF, h , 1z - ,. fr these t\\o quarttntie.s, reswpcticl. Evaluation of the next-order
terms in the stationar\ phase expansion indeed turn out to he small at these distances
if I1 I -- - a' ., and provided Also that O \ (. l,/a , 0 L R/a 2 I2 in the evalua-

tion of < Si .",and .< (RI l
i 2 ,'aFj in thi ev.duation of <(5>2. 'In shallow occulta-

tions these constraints ire al\a\ s met. but ver\ close to the focal line )oth conditions are
violated and neither -- $I . nor <S21> \iII be given by simple formulas of the type
(4.101 and (4.1 1).

Wc are nowi prepatred to discuss another quantity- of principal interest in radio occul-
tation experiments: the ra\ bendin, angle. It is readily shown from the previous
equations that a major component of the mean square perturbation in bending angle
involves an integral of the form

.PI 11) 11 2COS (P) dul (4.13)

For Kolmogorov turbulence this integral diverges as a function of the upper limit, and
is thus controlled by the smallest eddies of dimension . the inner scale of the
turbulence. By relation (4.12), eddies of this size yield scattered waves that originate
from distances d- Xl)/ ,0 from the stationary phase point. With Q0 - 1 cm, d is
commensurable with the dimensions of the planct. [he implication is therefore that a
calculation of the perturbation in ray bending angle requires the complete spatial
extent of the scattering medium to be stipulated, and the stationary phase expansion
cannot be tru ncated after the secuotd-order terms. Ihe problem is comltou nded by
the fact that in goin, from equation (3.1) to (3.2), 1 nc exact kernel

exp[ ikr _ r2 1
11r2  -ft

'4C.

- -> ~ --------- 4~~""
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of equation (3.1) was approximated by the Fresnel kernel

- exp i k oI
1) 2D

which requires that K L k p4 /' < 1, where p - (y. 2Y ) (z, z.1 1 I ' is the lateral
separation of the receiver and an arbitrary point on the exit face of the phase screen
(l'atarskii 1971, pp 223). For the perturbations in intensity and phase this condition
is stronglv satisfied, since for these quantities p < (XI))' 2 and < 1)/I.a. respectively.
Htowever, the fluctutations in rav bendinr l ,mqgv deriie their principjaJ contilbution
from waves scattered from distances . from the stationary )hase point, where is the
t/'ctiuc lateral extent of tle. turbulent medium. For turbulence that variex. exponen-

tially with altitude on a scale ilt (cf section 4.2), the medium extends effectively to a
distance p = (RIIt)1- parlel to the limb. Assuminu, lIt - II = 10 ki. we find that
for X- and S-band occ-itati')1s of .S sp.tccrft vpiJc] altlies of K art such that
K ? 1. [fence a numerical approach is ap parently required to obtain the mean square
fluctuations In bending angle.

Most previous analyses of scintillati m data from radio and stellar occult ition experi-
ments have ignored the caupling effect betw\een the turbulence and the ambient
background described and calculated here (;urvich 1969, (;olitsvn and (;urvich 1971,
Woo and Ishimaru 1973, Woo ct al 1974, Woo and Ishimaru 1974, Woo 1975a,
Jokipii and Hubbard 19771. Fhe first attempt to account hfr the (oupmng effect on
the scintillation index was apparcntl' made by \Vo , ct al 1975). later atnd indepen-
dently the problem was treated by ilaugstad (1977, 1978c,e), b\ Ilubbard ctal
11978 and recently also bv Woo ct al (1980). An interesting heuristic approach to
the problem was taken bw .\ Young (1976). Ihe problem of calculating the mcan
square fluctuations in phase mtd bending arvle does not appear to have been addres-
sed by other authors.

4.2 An atmospheric model

Explicit evaluationl Of the intensut% and pha'e scintillations requires a model to be
stipulated for both v 0 and 1)1. Ihc tlrmcr quaintity, has alread bellen assumed to
correspond to a sphericall\ SNII mCtric aml exponential ,ttmosphere, for which

V0 (r = V() i r,) ) t,\vI l r r, (4.1 )

where , = II is the scale height, .11d r - r is mtcisurcd fro m thc centcr If' the planet.
For the turbulence conllpotcnt we assUMc

I (rI = <V'frrIP'1 V*IrJ (4.1 5a)

" <v-r)> 2 --- v2(r, )>1 ex 2 p I ,r r,,)1 (4.15b)

Ihat is, vI is the product Of a spherically S\tiilnletric ((01po1jnent that varies exponen-
tially with height on a sale l si-

1t , and at strictly lomoenemis and isotropic
random component v*" of zcro reeal atld Otlit v.tifatice. lHe power spectrum () of ,'
will be assumed tf be of the Von K,rinmin typc. I C.

,l, lu . - l ) l 21 - 0 () *l (4.16)
7r32 I'lI I 1 ., u2  p 2

Here u u2, u 1* )1 is th,' bhrec-din eionl so ,dar \%,I\e milhlr, l. and t, are
the outer and inner scale ,If the turbuLenc v. rcsp( t i\ el., atld P is a pIaraitlter control-
ling the slope of ,I, ili the inertial slbrinc. \lore 1,I-, ; < ii k,'. lor Kohnogorov
turbulence p - 1 1/3.
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For purposes for numerical evaluation also the magnitude of <v21 > should bC stipula-
ted. l'urbUlCent fluctuations In refractivity may be related to those Ii temperature and
pressure using thle relation (e g, l'atarskil1971)

v= 7.9. - 10 p/T (4. 17)

which assumes that the refractivity from any vapors present can be neglected. Small
changes in refractivity, v, , are thus related to similar changes 1 in pressure and T,
in temperature according to

V, 7.9 - 10-! - 1', (4.18)

For the centimeter to kilometer eddy sizes of interest here thle temperature relaxation
is slow enough to sugge11st. an adiabatic relationship between Pi, and T, (Law-rnce and
Strohbehn 1970), so that 1/1p /(- 1)T, /T, where -y is thle ratio of specific heats
'it constant pressure and volume. With this assuImption equations (4.17) and (4.18)
Comnbine to) i'j

<0)i1> -,1, l> 41)

00

For an isothermal amibient atmosphere the fractional mean square fluctuations iii
refractivity thus vary with altitude as the variance of the temperature fluctuations. Ail
estimate of thle latter quantity mar be obtained from thle temperature structure
function

D) (Ar) C I A r12 3  (4.20)

valid for Kolmogorov turbulence and sep)arations Q, <, A.ri < I An approximate
vAlue of < Y2 > i~s obt.jined froml this relation b\ hrpuin Ar 1.L, and noting from thle
definition of 1,~ that 1) 1 (Li. 2 < 11>.- lus*

T[he fractional fiuctuoations in rctfractivity are thus approximiatel\r

22
1 ~ 1 II. (4.21)

22

Values for the outer scale mar he obta.ined by direct mneasuremlents, or its value mar
be Intferred from thle bulk flow% liro pert ies. 1Hc temiperature structuLre ci nst ant, C"
mar 1)e est imatedl from tile mecan flow% characteristics for s ariouns t ypes of t urlileiice
(see., c g. latajrskii 1971 .lpp 72 74) .\lerai one igh-lt use tflie, est ii-te

C'210'WrK2 in 2 1 correcsponding to in alt itutde level (if I.-) kml In th lecarthI's .otilo-

splwerc: (Blufton et al 1972). Assumiing, L,, 10 (I i aond V, 20(1 K we obtainl

I oV (4.221

[hlis ('St iniatc mnar be appropiriaote for j Upitcr. For the atmuloslihere of Vemnus flt-e
higher .mibimmt temperattire (and lw.rliaps .also flit, smaller value of L,~ ) lprobhalblv
makes equation (4.22) an oer-est iate o f Ilie turbulence st rength Ii i this case. AS WtC
shall see Ini sec(tion 7, the best %%ai to) estiim.ite -- vi > is pirobabhly hldire(cItial\sis oif'
radio or stellar sc itillit io niiiasoirvmiiits. I iackill,, stu-l direct information onl flit,
urbulenc stren~th. w shill explore Ini a forthicomiing Section the imiplicaotions ofi

tturbulence of* Ihli relamtive streng.th -lxomi b\ relatioii (4.22).

~ I r t.,Iiioo'oriv lorlol ii to (lon un IruI~oo~i~ho, O O~OiO)~ I.-) I< i 1c
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4.3 Radio and stellar intensity scintillations

[he turbulence model described in the previous Section may now be combined with
the scintillation formula (4.10) to yield an explicit result for the radio scintillation
index. Evaluation of this equation by transforming to polar coordinates yields for
3 < p < 6 (llaugstad 1978e)

< 02 (>r3-/ Iscc TI )
- 13(2 1r)3 - a. 1.0 \R (Ovse0,;P) <' > (4.23a)

,()3FO a 3 i R y.O;))PI

where
7r " -1

\R(Ov,0Z;P) f (OvCOS 2 0 +- ozsi 2 0)2 dO (4.23b)
-7r

In deriving this result we have assumed that L0 > aFh aF., implying that the
major contribution to the scintillations is from turbulent eddy sizes in the inertial
subrangc. In its present form this result is therefore not ap)licable to very deep occulta-
tions, where a Fh may exceed 1.0. We shall consider this case separately in section 6.

In equation (4.23) coupling between the turbulence and the inhomogeneous back-
ground appears through WR only. For a strictly homogeneous background, or when
the differential ray bending is sufficiently small that 0\ -. \ = 2r for any
value of the spectral slope ptarameter p. In this case, afltcl maniputlati ,ns involking the
gamma function, equation (4.23a) may be shown to coincide with the classic Rvtov
result in the thin screen approximation.

If we now consider occultations for which the approximation v- I can be made,
but with no restriction on 0P, evaluation of eq(uation (4.231)) "lives

2r, Oz I

\'R( 1 '0z;P) 1 (4.24)

l'(p I) '

Since for p 1 1/3 the lower value correspondling to , I is about 0.6 times the upper
value, it follows that, (i) coupling to the inhonogeneous background reduces the
scintillation index by less than a factor of two, and (ii) this reduction is essentially
independent of Oz whenever defocusing reduces the average intensity by a few dB or
more. [his result disagrees with a prediction by A Young (19 76), who concluded from a
heuristic calculation that the scintillation index should increase by a factor 0 1 its
(eeper atmospheric regions were probed. Although neither the works of Hubbard et al
(1978) or Woo et a/ (1980) gave explicit results for the coupling effect, their expres-
sions for the scintillation index may be manipulated to yield a similar result to that
derived here. We shall see in the next section that the rather small effect of the
inhomogencous background on the scintillation index does result, however, in sub-
stantial changes in the shape of the radio and stellar scintillation power spectra.

For stellar occultations the point source intensity correlation function should be
convolved with the normalized stellar brightness distribution as projected above the
limb of the planet. In the spectral domain this operation yields the general expression

(c f, Ilubbard ct al 1978)

If (l(u1 ) , (Ujduj

for the scintillation index of a stellar source. In this expression P$1 (u-t ) is the spatial
"power specu of < > (i e, the integrand of equation (4.10)), and

lofti
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where 'Ir) is the normalized brilhtncss distributiOn of the projected stellar disk. For a
uniforini illuminated stellar disk oflprojc(ttd radius I, one obtains

I ( u,)!
asU.L

where . is a BCssel fulction of order one. Instead of the point source result (4.10)
we thus obtain

I> f 8tk 2sin 2 (()1 (J ( "Isli (I -u (4.25)

Ihe ,iIit joral fatorW iii thet interand is due to averag_,ing over the stellar disk and

.1 t si ltipress (cOtributiolS to ihe scintillation index from edd% sizes smaller than
the projected stellar disk. . closely similar result to equation (4.25) has been obtained
by lubbard ct (1 1978).

If the Ioubl lcqualitV l., Is a l.,h is satisfied, evaluation of CquI tion (4.25)
-ields for 3 < P 6

1)2 ( a ) VI
;r Il',, :')a ) " s \Vs(Qv',;P)<'&> (4.26a)

%%,here in this case
7T

'Vs(4y,'' , ) Jf(0cos2 0 + Ozsin 0)2 do (4.26b)
-7r

For interme(diiatc and small valucs of the ratio as/a. .h, numerical integration of equa-
tion (4.25) is requircd. For shallow occulations equation (4.26b) ives

F27T 6z -I
S " (/) ) 1 (4.27)

" 1-(5) -'O

Since the lower vdute for 0, K 1 is - 1.76. we conclude that coupling to the inhomo-
g'nCotts background reduces the stellar scintillation index by at most a factor - 3.6
under the previous assumptions. A' oungs prediction for this case was an increase in
lit scintillation index bw a factor 0,4 ., attending a compression of the stellar image
bv a f.actor 0, pcrpendic(LLar to the planet ary limb.

It is instructive to express the scintillation index as a function of occultation depth
under the assumption that K.I >/v o is constant. To this end we first note that

<vi- li.X <v >
21TRI)2 v)

We h.1\c here used the fact that ( 2rR/1) i2V 0 for bending angles c < (I I/R 12

tid Ml aD)/lI as before. Eliminating <1' > between this relation and either of equa-
lions 0.23a) or (4.26a) yields for 0\ I

" -", i :- ( ) 1 < '> (I  ) \%'(1 ,11p) (4.28)

A - H or radio, occulitations W - R al' d i :- a 1.. while for stellar occultations \V = \g and
I - Is. I'lc nun ria-il factor K is tile co-factor of equat ions (4.23a) and (4.26a), res-

l •
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The solid curves display E2 Amnd ~2 When coupling to the inhornogeneous backg~round is properly
accounted for, while the broken curves aire Icalculated for a model where this effect is not included. Ihc
curves are normalized such that ~2 in the latter Icase .ipprom hes unity as

pectivelv. If thle spacecraft (or thle earth for stelltr occutltatiotns) is tmoving perpendi-
cular to the incoming rav aS\ mlpttte. 1) is approximately constant for small a, and all
variation of 4,: > with depth is cont ainedl in the two last facto~rs of' equat ion (4.28).
Figures 4.1 and 4.2 show the variation with toccultation derpth osf thle qutantityv

-2W(l,l11/3) (.9
21T

for both radio and stellar o~ccutltat ions. along,, withI thle result that wvould have been
obtained if coupling to the inhomnogeneous background were falsely neglected. Note
that for constant 1) and 11, \1 is proportional to atmosphsleric (lenisit- tsr )rcssttro at thle
ray lperialpsis. Also shown its the figures is the correcsponding, variation of thle absolute
mean square fluctuations in intensity, which are proportional to ~2 - 0- fl. In con-
trast to the scintillation index which increases ratpidlly with depth, the absolute inten-
sity scintillations, <0" > = 0- 421 > , approaches a constant dletermined bythe asvmp-
totic value of W as 0 0.

We conclude this section by proving that in the wveak scattering regimec <$~>~Ias

when coupling to the inhomogeneous background is accoun~ttedl for. For t urbulence
superimposed on a homogeneous lback-rouncl this result has previously been prov'ed
by Salpeter (1967) and o~thers. Consider thle mean squtare fluctutatitons in opt1ical path
at exit from the phase screen. [his quantity may he obtained from equlatiosn (4.1 1)
by putting P = 0) and evaluating the double integral over thle powver spectrum. yielding ,

<S1 (rt )> = 3 r F(15 /2L, (l<~ 4.30)

Eliminating <V'1 > between this result anl eqato (4.23at) gives

> K (1)) (1 - I I - I P) k
2 < S2 (r,)>I (4.31)

-7I
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where K11 p- (2ff V'-12sec ffp'lil/ 411 p/2 (J is of' order of magnitude unit\ for 1)p 11/3.
Sinc a) t.0 <<K per assuml ion, and we have shown that 'R <_ 2ff, it follows that
<02 I in thle weak s, atcring approximation %%here k < S'l (r, )>i P2 1. ven

thuhthle weak scattering condition has been used to derive the previous results, it
is likel\ that only tile weaker condition <~> is necessary, however. For turbu-
lenice superimpiosed onl a homogeneous background this has been proved by Iatarskii

197 1, pp 2.56). One-dimiensional, numerical comp~utations of intensity scintillations
sulperim posed cml anl in ht tmoeneous hac kgr1ound indfiCate t hat <01 > < I is indeed
the proper criterion also in this case (French et al 1980).

4 4 lemnporal powier %pet-tra

4.4.1 1 ieoret ical phase and Intensity pow~er spectra

[hle Scintillat ion ind(\ p)rvides only an a\eragecl representation of the effect of the
inhtnoeneu~bmik._fohInld mi radio an1d optical w\ave prctpagation in turbulent planle-

tary atilnospitecc. \loc detailed informat in Is contained I in the temp~oral p~owe(r
Sjpect rui, the( shtape o* which wvill be shown here to depend critically onl both occulI-
tation dlept h and geconiet r\ when coupling to the inhomogeneous background is
accounted 6 or.

T he phase autocovariatice i' nuct ton in thle planie x I ) of the observer is given by

B -k'<S , (I),. 2 )Si 1
' 4 A\,~ + _, , )> (4.32)

Geometrical opt1ics energyv cotserxation Implies that separations AV2 . AZ 2 at the
receiver p~roject linto ray sepairations A\-, ~~V and At = at ray periapsi.
Velocity components v\,,. VZ of the spacecraft are therefore related to corresponding

components v* and \7 at the ray periapsis acriat

Vx. O VV = 0 (4.33)

It is customnary to adopt the ''frozen-field'' hypothesis, whereby turbulent inhomno-
genictIeS are .issumled to he convected across thle line of sigh at constant x-elocitv,
which for tihe p~resent ease equ1.als tilhe relative velocit, betwveen that of the ray at
lperlpsis and~ the atmnosp~heric- bulk velocity,. due to either planetary rotation or the
l)resenc of atmospheric winds, or both. We shiall assumne that thle components of thle
fitter aire small compared to N,-. \v7. In this c-ase rat\ separations Ay, , z at the
plaipsis are related to t ime separations T according to Av, = Nx,-r, Az, =vr. Using,
relations (4.33) and drawing onl the analysis of sect ion 4.1, wec finid that

B -k 2  (Is (U1L) cXpjI i(UIVOV % +- UAzv,)r~dui 43a

%% here

(1) S, (U1 ) 21rV+l( u.) cos.(P) (4.341))

is thle spatial p~owetr spectrum of' thle scintillat ions in phase path, as given implicit)\- by
equation (441 1). I-out-icr transformation over T y-ields for thle temp~oral power
spectrum of the phase scintillations

W, (w) -2ffk- ff (I\S (u,) 51uV vN f UZO + uAv - wL dU± (4.35)

Using thle tuillence powxer spectrum (4. 16) this integral may be evaluated by trans-
forming to polar coordinates and performing the integTration over the angtular variable.
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After a suitable chanlc of integration variable in the remaining integral we find that
(ll augstad 1979a)

, xcOS{ 2 )2 cos2 (0. + 6)+ 0z sin2 (0+ 6,

W (w) a K Iw - -I Ix (4.36)
ii I X ) 2 11/

2 ( x )12

We have hcre dcfined 0, 0, z co1si (1l /x), u) = /I,, W :. 27f2 f' /al..,
6 , tanWe (v,'\<1, and , 4f-' I)(p/2 /l') p.3 '2) I~k2 1 Kv >,v . \\' observe from
this result that the shape of the phase pl Iwcr spectrum is controlled by ' the four
plarameters w 0 " w-" 0\- and 0,. In view ift their definit ion, o and u)(. are the
characteristic frequencics assotiAtcd \ith the ra\ spccd akt )('i,llsis ,1nd the outer
scale and the free space Icresiwi ztlnc respect ic ely.

Ihrou-gh entirely ,uloh.ous procedures the radio and stellar intcnsity scintilation
power spectra are obtained as

\sin2 (.N.W) 10 COS, (0-i+6) + 0 sin 2 (0i 6)]
\V.(W) - K- x C -.- tT

, i t 1 W\ )2 jpt2(\2 dI

2 r \ Ixl~seU~i1 6) 'P ¢in"(0i (S (I12(W) 1W0
I, 1'3~ (0. OZ s3il

.
l 2,- fo - . . .. ,I w  

}d t
((-j K 3 iJ 2 oL.X

, -] I + t W ' ( x " C

respectively. For the former result K2 (16f 2 1'7p/ 2 ) /0 ')) - /2)) k ' l i < vj>/s 0,
0, dilld W),. W, aIre itit'lcd as before. Ihe stellar illtensilv scinlillai ion powcr spel
rum is subjected to the samic limitations as the cxprcssion (4.26) for tile scintillaitiol
index. In this ease W, - ,s, and K I I16ir lD(/

2
u/l'((p-

3
)/

2
)) 1)2 I1~ <Vi>/(as

x
41.

We note thait all of ille" pomcr spectra caltulated here ,ire valid lil\ t or frequencits

toclh larger than the dilarccristic fre'quency \"/11 assoliatel witi either of the sc.Ile
ieights II or fIi.

Fi-.urcs 4.3 to 4.9 sho\\ the phase and intensit\ power spectra as I function of
normalized anulaIr fre'que'ncy W/ 0t. Or ,LOW, fr diffcrent valuets of il - \\./\ and 0,
assuming 0\. I. in all cases computed we have\ asslllntd We /Wt .i 3. For tile phase

spectra coupling to the inh lonlIennous bao, kgrltund is seen to rcdutce the fringes in
tile spectrum for wO > W in a celcntr.i occultation (im 0) Ias deepetr atmospihberic
regions are proled. Fiturc 4.5 displays the change il speciral shape from a central to

i more nearly ,razing occultation, for i fixcd v'aic 0 - 0.1 of tile iean silnal inteni-
sitv.

Bv contrast to this behavior. the intensity poIver spectra display a strong dependence
on both occultation geometry (in) and depth (0). According to Figure 1.6. the
characteristic fringes in tile" power spectrum ,above tlhe Frcsnel frequent'v W alto-
g('ther disapllear as (leeler regions arc probed in i central occolation. II a grazill
oecmiltation, however. tfhese fringes bccoic inreisihijy deeper and Follow a il~ir~tcie-
rislic decre.se ill scint illat iolln power hell\ ow W is denilser rt'ilns are prebed.
1i-rc 4.8 shollws tilt' ilrogrcssi\tc lglg(' ill spccrcil shape fro i t'llral to a illre
onariv ora/Cing mocultation for a fixcd occultation depth corresponding o 0 0.1.

With onl\- minor modifications tihe changt's in sp'cirtil shape \\til ?n aidli ; for ,i poin

Solrce are reprIodtue(l also for an extended sioirce when tile pro icctcd stellar radius
-. , substantially exceeds the' fret'c-spae lresnel zon'. "igLilri 4.9 sllows lil1' ilangi" ill

slt'ctral shape with occultation depth for i graziiilg Ioceultal ion. If lith proj teld stlllar
radius is small comiareid to the frec-spacc l"r'sn'l zont', ivera,'ing' over tit st'llar disk
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geometries anld a fixed depth ous depths 0 in a central oc-

* -~ :0. 1, assumiZ. 3i , -ultatio , assuming w,./ o 
= ,

* -

.- - -4--.--r-- -.- -



35

(.=1.0 m= 0.1
W ( ) W ( )

INTENSITY SPECTRUM M= 0

0 0.33 INTENSITY SPECTRUM

m 0.5

~m=1
0.1M

0 0.01

m 4

0 _
10 W2(W)

ioo

44

2 
4

2-101 1o
"" Ic -I6

10"  100  101 10-1  100  10'
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M 00 will v-ield no substantial effect on either
W3 (c.4 m the scintillation index or the power

spectrum. In this case power spectra
Q 1.0will correspond closely to the point

INTENSITY source scintillation spectra of Fig,-
SPECTRUM tires 4.6 -4.8.

The classical Rytov results for the
pha~se and intensity pow~er spectra cal-

0.33 culated for turbulence Superimposed on
a homolgeneouIs lackigroundl correspond
to thle cases 0 = 1 .0 in Fi-gures 4.3, 4.6
and 4.9.

4.4.2 Obser% ed p)ower slpect ra

Power spectra calculated from the \Iari-
ncr 5 and 10 Venus encounters (Woo
et at 1974, Woo 19 7 5a, Woo et at
1980) and fromt the Pioneer-Venus
enitry probes (Woo ,t at 1979) have
been reportedl inl the literature. F-or mis-

o 0.01sions by other planetairy sp~acecraft and
for stellar occultations no correspond.
ing results have been published.

Fig,,urcs 4.1 Oa -b, taken from Woo et at
( 1974), show the recorded part of the
Mariner 5 S-band entrance and exit
occultation as a function of universal
time and altitude above the mean
\'enusian suirface. Regionls marked AX to
1) wvere suspected of containing, struc-

W-1 (w tures dute to tujrbulence, and] were

100 selected for further analy-sis. A\fter re-
8a F1Oa Ofi (11.uadrati- trend functo
6- from the cxit data, Woo ct at (1974)

4- calculated thle temporal power spectra
and comp~ared with predictions from a

2L layered turbulence model fitted to stan-
dardl weak scintillation formulas,

10 assuniing9 a priori that 0 <- a F.- In a
latter comparison Woo ( 19 7 5a) claimed

101 101improved theoretical fit to thle \ari-
100 lotner 5 spectra bv instead assumning

UUL.C LO > auj) . Neither analyses accounted

for coulpling to the inhomogeneous
Figure 4.9 Stellar scintillatio n power spvc- backg~round. however. A\s apparent

trurn for various occultation fromi the plou\~s ana~lysis. accounting
depths 0 in a grazing occulta- for this effett is instrumental inl thle
tion, assumling (l w0  3 and piresenlt (iasc w-here- 0- may reach at

a~lah. hundred or more.



37

2001100 60 54 50 41 45 42 40 39 36 3136 35 37 36 44 50 601IO
-144

- - - E

Cc11 so ~10
-is A; 7 A

- - - -~-1r -

4700

TIM U35 6 190 OCTOBE 964 63.550 -32064~i,65 ,0 Stem0 64,66 6900 6490 Oo
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Fi'u re 4. 10Oa kzqu re 4. 10b
Timne historv of signal itnt ensitN for the Ti'me history of signqral i'ntensi'ty for the
recorded part of' the Mlariner 5 Venus ent- recorded part of the Mariner 5 Venus exit
rance occultati'on, as adapt ed from Woo et occultati'on, as adapted from Woo et at
at (19 74) (1974)

T-he uipper ibs~cissa tives the alt itudle of ttte ia'v ,jieriatpsis above the mecan Venusian surface. Regions A
to 1) %%ere %aspccted for their turbulenice content and scc ted for further examinat ion.

Ili Figures 4.11 and 4.12 we have overlaid experimental spectra from relgions A and C
of the Mariner 5 exit occultation with theoretical spectra calculated from equa-
I loti (4.37). (Experimental spectra from other atmospheric regions (10 not raise signifi-
cant lk above the noise level.) The relevant input paraeter for this calculation were
obtained frotm ljel(Ilbt et at ( 197 1), yielding, a.,( o 1.31 ()3 nilv 7.5. 10 ins-' an(1
V .3.l 1 & s- for bo0th regions A\ and(I C. Since 0, I- 1,w have v* v,,~ . and

V, O 1z with 0 estimated fromt Figure 4.101) as - 0.05 for region A and' -0.01 for
reg1ion C. W~ea k scintillation t heorv is here applropIriate since thle computed scintillation
ind(Iex for bot h events is small comnparedl to unitv.

It is ap parent fromtn Figure 4.1I1 that the positio n of the ''kne' in thle theoretical and
expterimiental ptower spectra agree quite well, a fact strongly favoring tutrbulence ats the
caulse of' thle thserved fluctuations in signal strertth. For region A there is a clear
(Iiscrcltancy between the spectral shapes, however. While the theoretical spectrum
appears to match thle average ig,,h frequeincy slope of' the Mariner 5 spectrum, the
stronl fringe,,s ]in thle exleriniental spectrum are not reproduced Ii the theoretical
lpredi t ion. Even though bo0th spectra displIay t (decrease iti scintillation p~ow~er below
thle Fresniel fretluecy, thle\- are clear lv discrepant also Ii this region. The reason for
this Ii fference is ptresenitly not clear; a ((ttribut in,, fact or tilav be at possible low
qltalitN of thle exlterinttal spectrumi itself, hiowever. Indeed, 'thle remarkable uni-
forutity of this spectrum, ats comp~aredl to thle other Mariner 5 sptectrum Ii FiguLre 4.12
Atdl when contrasted with the 90(', con fidence lim its Indicated Ii the figuire, clearl\-
cast dloub~ts of) ft(i valid it\ of the spectrumi. It may he that the "'zero-fill'" tperation
apl)ACiedt) thle o17igin1al da.ta in o~rder to evaluiate fte F ourier transforms at cloiser-
slta(edl int ervals than would tt hcrwise bte ptossible (Woto t (it I1974, pp1 1700), has
introdlticed substantial correlationi between iteighlborin-g potwer estimates with at corres-

niding, redltction it lowc variance. For a sharp spe'ctratl knee this coirrelat ion wvould
leave essentially unchanged the posit ion of fihe knee, hlt wNould tend tot smo~othiIli\
structures, e fringe-s, in I he spectrum. Iltis (does not, however. exptlainl the rc-,tlar
fringes t hat ,till ptersist in the cxIperimnntal sJpect rti nor its strong, (lecay amt stilt)
l-resnl fret 1oeniis.



100 38 Iie experimental spectrum shown in

Figuirc 4.12 displays scatter among indi-

T vidual spectral estimates that appears
more consistent with the indlicated 90%
con fidence limits. [here is an inldica-

Ii0 -1 fo thait b)othI tht predicted positionl of
thle spctral knee an([iia decrease in
power at lower frequencies is repro-

(IticC(] ill tis event.

.2
10lPowver splectra calculated by Wo o

NYOISE 1~ 975a) from thle Mariner 10 Wienus
LEVEL -occiltat ion lack thle low-frequency, pa~rt

l~e~w La andias applear to he

smoothed at higher frequencies to an
*)' Hz4. extent that would make at compiarison

1 1100 Hzwith the theoretical piower spectra vir-
tually Impossible. D~ue to thle mutch
sialler tuii huent mieditn-t o-p robe tlis-

Figu re 4. 11 Log-amplitude power sIu'ct- tances involved. t le Pioneer X\enuLs
rumn for region A 01 the M~ar- entry p~robes failed to dcect anyV inten-
ner 5 exi~t occultation ((lotted Sity scintillations. establishing essen-
curue), (is adapted from Woo t ially an upper bound onl thle refracti-
ct al (1974) vit x fitict nations ]in this caste (W'oo t't a!

Superimposed is the t heoretical spectrum (solid 19 979).
curve) based on the aictuial occultation 1lararlictr\.
and~ displaced altong the ordinate a~xis it) NicI 1 i1 tire4. 13 shot is a p)wer spectrumn
maximum fit. the error Ibar represents a 9tY M based onl thle Mlariner 10 V'enus occulta-

fidece itervl. ion profile ats Calculated bV L ipa and
TIier (1 979). [he spectrum corres-

100 p( .)nds In altitude approximately to the
re(on labeled A byv Woo t a/. The

ig'jure showvs bothI the e xperimental and
thteoret ical p)ower spectra, together

1 withI part of' thle exit occ~ultation inten-
10 5 it time psrofile and the smlall segmenlclt

soubjected to spectral analysis. The

NOISE . .. . ;:xerlinittal spect rum is calculated by
LE I ia fvr. irst litIi n, at poly noil of -aing

LEVde ree to the intensity background, and
10 Z-- Wthen subtracting this trend function

froml the signal to obtain lie fluctuat-
ing, pairt. [he residual variance of the
signal relative to lie polynomial trend

* __________________________3___ is shown ats a function of the degree N
10 zof the p~olynomial i n Fig(ure 4.14. Ini-

tiallv the residual variance is seen to
decrease rapidly with N, but then be-

Figu re 4. 12 1.og-amplitudc power s~tWct- coming, virtually insensitive to this paraI-
ru m j.o r regi.o n C of' the M~arn- mieter fo r N > . hus it fifth degre
iier.5 exit occultation (dotted po~lynomflial was stibtracted from the
cunve), as adlaptedl from rWoo intensitv-tinie profile, andI the differ-
ct al1 ( 1974) ecel~ Was nornmalized bv the trend fune-

Superimposed is the theoretical spectrum (id t411 ion atnd subj)ect ed to a p~owxer spectral
c urve) based on the aictual occultit ion p.4ramiers. inalysis. thle 'resuilt of which is shown in
and displaced along the ordinate iXIS to vield
maximumn fit. rhe error bar represents a (M" (on- Figtir( 4. 1 3. The corresponding tlieore-
fidc-nec interval. I ical spectrtin has been shifted along



39

the ordinate axis to vielil iiaxi-

WV1)1LImum fit. [he low-frequency parts
are seen to agree fairly wvellI Also
the high'l frequency p~ortion~s are

0 0riot in obvious disagreern ent, the
large scatter of the data points

6 taken inoaccount The possible
TH4R dliscrep~ancy between tepsto

L of' the 1-rcsnel knees mnay. at least
-2/

S100 /e staistca sionifficance of the
/ l ~ experimental spectrum.

I l~ Preliminary tial\ sis of other parts

of the Mariner 1t0 occultation pro-
file suspected of containing strtIC-
tires dueI to t urblulence has niot
yieldled *I consistent result. Most
of thle fluctuations seen in the

EXPERIMENT dleeper parts of the occultation
p)rcifile tuirn otut to be noise, con-

it dOsistent with the findings of Woo
60 and colleiaues for the Mariner 5

occultation. At least in one other

region does the power spectrum

~~~RI ER~ ENUSraise above the hackground noise.
STANFORD UJNIVERSIT b ut yect dloes niot match its theore-

tical prediction. It is possib~le that
I H1 hsrgo te o orsodt
2- thsrgo1 te o orsodt

______________ii_ I well-developed turbulence, or that
or 2 4 8 0~' the statitcal significance is

si mphy too low to provide a mean-

Fh'urc -4 1. xpeIcrmr a ndtcrtia Wer in gfull comparison with the statis-

I. ctu cotr-q zzd heoreta pa c t ical mean sp~ect rum oIf the t heore-

l6 s portlon o.1 fic nays

Wawato 10 Inu he It oc t plation Spectra of igheIir statistical signifi-
th~ cantcC. essential to an experimiental

/01assessment of the theor\y deve-
loped here, may in pirincipile be
obtained from the averaging of

power spectra from different occultations, or throtigh substantial spatial averaging in a
single -_rating ('CCiiIt[!,I \% ai.~here t li(- ray moves many Fresnel scales at essentially
contant altitude. Removal oCf the backg'rou~nd intensity from the scintillations poses
ve another fundamental problemn. When thle scint illat ion spectrum and the trend
function have finite power- in a comimon frequency range. which may normally be the
case, (comuplete separation (If fluctuations and trend is riot possible even in p)rinciple
(Yaglomn 1962). It is nevetheless Imperative that a commnon anti well-defined proce-
(lure lie uIsed whien remioval oef thli t rendl is attempted. The technique suggested here is
bioth well-defined aIdI( statist ically sound D lraper and Smith1 1960. Chiattcrjec and Price
1977).

'lo
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Fl urc 4. 14 Rest varzance. (I, of Inteuatv /III(I uatimi. i around a pou/mauim tat trnd. w% a1
tflnctit of thN d 1' r'*f N\ tOw P)0/V itoat

I' 111,11itItct Ini I tii rc I I

4.5 1 he weak scintillation approximation in plaiietar\ t oultatitioS

("Ilsistent with the ctcI)ttjonf Itlaie III "c ti.I4 isi I ~it hIc that II t
thiir-tl(itl result,, o)f the trirtoll Nc( ttlm irt, \lhd il ;t :1 i TI t Ill(

!-it hi)and stellar occ ultations. exalflilits" th( : Ill., I 1, 1 .1 .ar Ittltt if fitti i. dc

Wet detine formally a criticatl oii i tltaiiit depth u( 1 :ai. it

I he theoretical results (c lpelili here r tr imo ti %I! I, I i i 1111 lhat i 1 ptlIts such 1
that 0 ~ Inl terms of' 0" the mi Intill.tti~mitt tlh\ ii it) irhatr\ idepth 0 is frott

equat ions 14.23) and (4.261

Wl.Qji; ) - ~(4.39 1

where W takes either of the forms ,I\ ev.ii cimitott I 4.2'h i andti I 1.26bh) for radio
ndstellar iii cultatjiils, respectiseIm. IIn I thlc -4.1 %\ c liase alulated the c ritical

depth o' for t\\o past radiio amnl stellar mi I.tiltal iols. I- iir all (5 (swc have alssumedt'(

-- t', 0-,( and I., - II 3.1 X\ h('re I I .iliit %%Q 1. iti I rvc-slaic I-rildl zione mid(
the stellar amiular radius are Tixcit Iln I akbde 3.1I. Since 0* --' 1'for .111 four Iit-cult at ito IS.
e(IlU,1t I(it 14 .39 Si l)Ii fieSt I

%Ie .IIC I. -I t j)TVIt fsiiiao romu I tilt( I.1I thait thc \% ak ,( lilt 111t ill iiii il lt 111a1\
itix Itell ~iilI II Ilel(- ei~ir iorts d~ tisr liim ltms It if trhitlluo c i (d .
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strength found at the -1 5 kml level

ON of tile eairth's troposphere is also pre-
omin sent at the higher altitudes probed

MID/VENUS ~~ ~o 4\0'41D3 ienus, j upiter and Neptune.

PIO/UPIER -1 02 110" I)ata from tile Mlariner 5 Venus
P10/UPITR 30.2 102 occultation have been analyzed bv

OSCO/JUPITER 1-1D1 10-2 Gurvich (1969), Golitsyn and (;ur-
vich (1971) and bit Woo el al ( 1974)

110-17' 4388lNEPTUNL 6-10-2 10.2 for the( variance of the log-amplitude
_________fluctuations. (counting, for a factor

of 4 betweeni this qutafltitv and the

falblec -/. 1 .ljpproxutna te critical occultation scintillation Index, (iolitsvln and Gur-

dE '/t/t 0* aud occul- vich (1 971) estimated the scintilla-

ted itensit 0, Orzij ? j or two Past t ion index to be about 2-10.2 for
raio and stellar acutain both the night side immersion and

Dat fr te tdam(utiosbjpte c and Ncp day side emersion. This value is an

torn- are tron Lillk i I 11974) trid I- rtem.,11 jind average over alit o~de corresponding"
L% ngAi ) 0. rtospet ivetv to an approximate p~ressure range of'

1 -5 bar. WAoo et al (1974) obtain a
similar figure (-4 10- ) for the scin-

illation index in thle -60 kml altitude: region of pronounced turbulence identified in
their analysis. In his at ilvsis of turb~ulence in the Mlariner 10 Venus occultation, Woo
II 75a) fouind .1 va1lue _0.1 for thle scintillation index in the same -55-70 km

altitude region previously p~rob~ed by Mlariner 5. While the radio occultation measure-
ments. including, that of Venera 9 (Timofeeva el al 1978). appear mutually consistent,
estimates Of thle refractive Index structure constant that would yield much higher

alues f0 r the scint illation index have been derived from radio link analh-scs of the
\Vetnrai 1 8 landers iKolosoy et al 1970. Yakovlev et al 19 74). While this discrepancy
has not vet been.11 iIt rl resolved, the recent Pioneer 'e u's entry jprobc
neaso rem uts .tpi war ito suppJort thle radio occultation data (Woo oi 1979q). Trhe

spacecraft nic.suremnents thus appear to p)redict a lower turbulence -irength than
w\ould be predlicted fromt extrapolation (of measurements in the earth's troposphere.

No determlinlitiOn Of' a Sc'nt illat ion index for the Pioneer j1upiter missions, for the
\OacJupiter and( Sa~nmsin, rfri\ of the several p~ast stellar occulta-

tios h~cbee rpored.'Ill( lrgeexcrsonsinintensity commonly observed i
stellar occultations strongly- indicate, however, that non-uniformn atmospheric struc-
tures, possibly turbulence, would yield a formal value for the scintillation index
Comp~arab~le to or larger thanl unit\.. It is deemned important. after p~roperly separating
the scintillations from the main) structure of the event, to calculate the scintillation
indeIx alSO in Such1 cases. Since numeric-al simulations indicate that the scintillation
index saiturates to unit\' also whlen an inhomogweneous atmospheric background is
accounted for 1-renchi et (it I1980)*, values of <0' > that were larger than unit\-, for

* example. would immediately rule out turbulence as thle sole cause of these intensity
%ariat a ns. Add it onal clues ,is to thle nature of thle underlying atmospheric structure
mighdt then he obtained from an examination of the scintillation power spiectrum, i. s
discussed more fully, in sect ion 7.

Ito, cnt re-sults It% this .oowho,. basedo on aslight vcneralization (,I the statimw~r\ ltoa~c , - niqfue
f-V'foopJd InI sto tion 31. shows that the so intjll.,tjon intdex~ indeed saturate-s to unitS' ,ifs in the-

( o~~~~~jrcseno (i ofin ,totno'oooosfok~'mtund.
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5 PROFILE ERRORS DUET10TURBULENCE

As previously stated, the inversion procedure to obtain profiles of refractivity, tern pe-
rature andI pressure from occultation mneasurentts assurnics the atmospheric refracti-
vity to have a spherical distribution. Turbi 'ence violates this condition, and since thle
perturbations in signal inest n oppler frequency due to turbulence are non-
linear functionals of the generic refractivity fhictL uations, such profiles will contain
both random (zero mean) and systematic (finite mnean) errors. We estimate in this
section the magnitude of these errors, and shiall find that thle ran(Ioi and s\-stematic
errors are both smnall in the limit of weak scint illat ions, consistent with the simple
atroumenI~t toiven in section 2.2.

3.1 Random errors in atmosp~heric p)rofiles fromn radio or stellar intensity measurements

Let iin I + v, be thle refractive Index calculaited from thet formial inversion -,i~cen b\-
equation (2.11b). Let at aA p., %\her(- p/a - p/R -I .lo lowest order i11 11 this equal-
tion becomes

v,,(r,1  2 M (a 2) 1) \ 1 dp 1).
7d) R 4

We have here used the ap~proximnation co,(sh' (1' ia) - 2p/R )I 2,and the arguiment al)
of NI = al)/l I signifies that o is the bending angle of a ra\ w\ith ilnipat Ilaraletcr a1 p).
Since a =( 21rR/II1)1"v,) for small biendling mngles inI a spherically s~ymetric- and iso-
thermal at mosp here, direct substiti ion III eqIuit ionl (5.1 yields 1' V 0 as required in
this catse.

When turbulence is p~resenlt, thle signal initeslit Ina\ be expanded inI p)owers of' 1, as in

The last eq~uality assumeIIs thatl thle Sign1a intensit\ is still related to the ray bending(
anle ais if no turbulence were pret-n t in a shallow% occultation. Combination of the
two previous eq uations yields for the lowetst order error v~relative to thle -'true'"
refractivity v0 of thle ambient at mosphere

1 (2)2 (it 11) (5.3)
7DR 0 Z( P)

The argument j4- p) of 0^, and 5 signifies a'ain that these (plant it ics are calculated
with respect to a ray of impact pa~rametter a 1 1. Clearly, as <~N 0 the ref'ractivity
error vanishes and v - V,0

Since V., Is at stochastic qlant it\, onlyI\ its mecan andl variance (and possibly also
higher statistical momienits ) are of Iit(iest. Iheiilemlii vatue is zero. since lrl
-01 > 0. _h/ractional %iiancu (of this (Iuantit\ is. fromt eqluation (5.3)

v 21> 2 : 2 ~ -Pi ) - dP 1

V 2RI) 2 ,(0
2 

00

(5.4)

AllI atitl spheric variables wheI re an airtunen has not been assignedl are referenced to
tilt, ray\ Implct m~raletcr a1 a. InI est ab 1kbing this eq uat ion we have used the fact
that <01 (ipj )0 (a14p 2 ) > <02(al) >eXll(_3t(pI ))P p), ), where p is the (nor-

nialized) alltmorr1elationl function of' the ( normalized) intensity scintillations at tile
receiver; 1 II ad 4

3
t' III IS before. InI thle fo0L~wing we shlall not distingluish
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between 11 and I t. Let

I - (Ap) d(ap) (5.5)

be the correlation length of the intensity scintillations, and let F(lp 1P2 ) be a function
that changcs slowly on a leng)th scale -1, so that

Jf ' , l(p, , )P (1)2  I
), ) dp1) (p1 ) If l"(pt ,l) )dp1  (5.6)

00 0

It may be shown using the dcfinit)ion (5.5) t ogether with cquation (4.7) that I is typi-
calk on tI lt orlcr of aF,0 in a shallow occultation. Therehre, in tile range 0 i ()

2 "- w1here equation (5.4) derives its principal contribution, the co-factor of p in
the inte'rand of' this equation satisfies the condition for using relation (5.6). For the

I , region (4) principal interest we thus obtain

- (5.7)
t' " 11

Irkm etLiat ions (2.6) and (2.7) it may he shown that the corresponding fractional
err(rs ill temperaturc and pressure are approximately

I II > I <p > < -> (5.8)

\whcre l .0(1 nd - arc the lowcst-order errors in temperature and pressure, respecti-
veh. rclativc to the "true" amlient values T0 and Po. Thus the fractional mean
square errors in derived refractivity, temperature and pressure are all small in the limit
of \welk scintillati ons. For stellar occultations the same result applies, except that the
correlati)nI length I may be different from - aF.0 in this case. If the projected stellar
radius a si'ttificantly exceeds ;tl. I - 5 as, and relations (5.7) and (5.8) are still valid
if also a,- II.

It is interestimn to note that if the Baum and Code equation (2.5) were used to
estimate tile scale higlt and hence the temperature, the corresponding mean square
fractional error in temtlerature would be apl)roximately <&,> for 0 ,<1. Thus the
integral inversion techniqe is less sensitive to intensity scintillations than curve-fitting
t( the Baun and (.and cc luation b\ a factor 1/11 < I.

5.2 Random errors in atmospheric profiles from Doppler measurements

For a spherically stratified refractivity field the atmospheric )oppler frequency f is
related to the small l)ending angle a approximately as in

-Xf= ,z"  (5.9)

where v is tile coml)onent of the spacecraft velocity in the plane of refraction that is
perpendicular to the incoming ray asymptote. When turlulence is present, the
floppler frequency may Ie expanded as f = f, + fI + ..., where f0 = V(V 0 ), f, = (.(, 1

etc. Since e(Lat ion (5.9) is still used to infer the bending angle also when turbulence
is present, tile estimated angle, a a , may he similarly expanded in powers of n

accorditlg to0 c 0 ., + . . . Frotm e(luation (2.11)), and using a similar expansion
of coshl- (a'/i as in eq1 uatio)n (5.1), we find that the estimated refractivity v. is

"~ 1 2 - (le%(a -
V. IT, (" R I" 1 l  (l (5.10)

SR 6t (II)

,)) X_ 2 (a p) p 1 ((p (5.11)
R( d



44

Where, L~IvJ-V ,o = (vo) .j =k (9(v1 ), etc. Using the standard, small angle cxpres-
Sion for ci, equation (5.10) is readily shown to ,ield v,,() = vo. The loxvest-order error
to this "true" refractivity profile is thus represented by equation (5.1 11). In terms of
thle covariance function (assuming local homogeneity)

11(1) '2) <df I (a + 1)2 )df,(a 4 1), )~ df>a) PP
(112 dp I da )> (2-)

tile mean square Fractional error in refractivity is in this case

2 2<dfi2 _O ~4t(p, 1l~) 2
X" <(1)> f C (1)2__P1(5. 12)7T ca 6oPp -1)0P2 P P

Yhe first-order Doppler perturbation is related to the corresponding perturbations in
bending angle as in

= \\±= v v/ 01

where 3, and] al are the first -order pert Urbatioz-, In rax- lbe1diIP an-de in thle xv- and
\' plane. rspet "Cly

Proceeding- from this stagec to eValuate <(df, !(la I > and p via tile statistical p~roperties
-anS n un u ob teelv difficult, essent iallv for the reasons g~iven at

tile end~ o f section 4.1.- As anl alternative applroach to a direct theoretical evaluation, one
might estimate the right hand side of equat ion (5.1 2 from occultation dlata. In so
doing, care should be taken to p~rop~erly subtract from the total atmospheric D~oppler
thle lowvest-oroder component, f,0 due to thle ambient atmosphere, as explained in
section 4.4.2. F-roim a record (If f, versus impact l)ariineter a, df1 /da along w\ith its
tneati 51) uare and (i orrelat ion functiton P may1L be ('st inated. x-ielding, even-
tuallv. through1 thle operationts inicated in llua I It) I5. 1 2, anl estimate of thet mecan
sl(juare fractional error it) refractivity-.

Wc have showni lpre\'iousl\v that inl the evaluiation of the mean square fluctuations in
etolnI a'le the exaict kernel in the( field integral 13.1 1 cannot be applroximatedl by

the quadlratic Ircsnel kernel. A\lso thle compjlete Spatial extent of the turbulent
medium will have to be considered in such a calcutlation, as exp~lainedl in section 4.1.
Instead of attemptingT a rigorous calculation, we shall make thle following, heuristic
arguments, w\hich wvill hopefully yield thle proper)C functional form andI order of mnagni-
tude (If the right hand side of equation (5.12). It ma- be argtied on general grounds
that <a, > < <01~ > when 0,, < I - We thus approximate -f, (ky" \-W , while also
alssuming, vv* - (vZ). D~ue to the assumed exp~onential variation of'the rms turbulent
re fract ivity fluctuations, the effective wvidth of the turbulent medium parallel to the limb
is ( Rif t -V Perplendicular to the limb thle effective width nlay be shown to lbe at
mlost oti the oIrder of I I when 0 1 L [he smallest eddy- siic aal fsatrn
elemnrtary waves within an ap~erture of these dimensions is therefore K, -xl)/ and

z-Xl/H- in the v- and z-directions, reslpectively. Thie c(orrelat ion lcn,;th of' (40, /(11
ant therefore he no smaller than the least (If these (dimensions, i c, Q... \lso wh.len

OW tirhulenlt phase p~erturbattion of thle wave is oine radian, the rils turbitlent bending
angl ca be at most on the order (If NAt ~c~. Omitting' nliuerical factors, we thus

111(1 that in iapproXimnate Upper bound onl the rightIi hand sic- (If ecjuati(Ii (5. 12) is such
t hat2 2

v0  t.0 1) R

\d n 1ttult(ri(a.l valties applropjriate for thle Mariner 10 Venus and Pioner 10
I iijitcr m(titiotis. we' find that the tight hand side ol' relationt (5.13) is aplpro\t-
mttictl f' I 1F arid1 3.104~. rcsp(c vl\. [bus the ref'ractivhx\ e'rroIr is small even when
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the turbulent phase perturbation approaches the strong scattering regime. We also
observe from relation (5.13) that the refractivity error decreases with increasing
planet-spacecraft distance, all other quantities remaining constant. The refractivity
error incurred from the inversion of radio intensity measurements yielded an increase in
this error (proportional to D" for 0 < 1; cf equations (4.23) and (5.7)) with pro-
pagation distance, and is probably much larger than that calculated here for Doppler
measurements at any occultation depth.

From equations (2.6) and (2.7), and consistent with the crudeness of the analysis
presented here, we finally conclude that also the fractional temperature and pressure
errors are small, being approximately

2 2  aF D (5.14)

where, as before, "I', and p, are the lowest-order errors in temperature and pres-
sure relative to the ambient values T O and Po.

5.3 Systematic profile errors

The possibility that atmospheric profiles obtained from occultation measurements
were inflicted by systematic errors in addition to the random errors discussed here,
was first raised by Hubbard and jokipii (1975). As a result of additional contribu-
tions and subsequent critical responses by other authors, certain aspects of the theory
of these higher-order effects. c g, their wavelength dependence, are still under debate
(cf discussion and references quoted in section 1.1). However, both parties apparently
agree that the systematic effects are too small to be of much practical concern, and a
discussion of this topic here may therefore seem unwarranted. From a theoretical
point of view these effects command substantial interest, however, and they indeed
appear to have passed virtually unnoticed in previous analyses of electromagnetic
wave propagation in randomly inhomogeneous media*. We shall therefore prodide

here a brief discussion of these effects, developing first a geometrical optics result for
the systematic phase error and proceed by generalizing to wave optics. From this
result, the form and approximate magnitude of the systematic errors in intensity and
bending angle will be established along with the resulting errors in the calculated
refractivity profile.

5.3.1 '[he second-order phase bias

Following the treatment of Eshleman and Haugstad (1977) and Haugstad (1978b),
consider a thin phase-changing screen representing homogeneous and isotropic turbu-
lence superimposed on a homogeneous background, see Figure 5.1.

A plane wave impinging on the screen as indicated is refracted through small angles
cil and 01 in the xz- and xy-planes of propagation, respectively. The total phase
change of the wave by propagating through the screen to the receiver at x = q/2 + D - 1)
is kS, where in geometrical optics the optical path S is simply

D
S f n(x,y(x), z(x)) ds (5.15)

0

Tatarskii (197 1; pp 256) calculates the second-order. systematic phase change due to turbulence.
but he uses the result io mereb. establish the conditions for convergence of the method of
smooth perturbations. Keller (1962) has calculated the systematic, second-order phase shift for
geometrical optics. but his result differs from that obtained here. Keller (1977) has later correc-
ted for an error in his calculation, which brings his result into exact agreement with that given
by equation (5.22) here.

[ 1
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PLANE VV

WAVE

I I:
I: S

I i

I .t

I L 4

Figure 5.1 Radio wave propagation through homogeneous and isotropic turbulence
superimposed on a homogeneous background
The spacecraft is located on the x-axis a distance D >> k from the exit face of the screen.

Here n= l+L= l+%oV is the refractive index, and

ds -Id+("Y dx (5.16)

is a differential along the raypath represented b\ the space curxe v(x), z(x).

The zero-order raypath is clearly v0 x) zo(x) = 0, since vo is homogeneous. )enot-
ing by yI (x), zl(x) the first-order perturbations in the rax't)ath induced by the
turbulence, we find through second order in small quantities by expanding vi and ds
relative to the zero-order raypath

D
S =f (I+ v+V 4 Vtyy + V,,Z)(1 4 1 t2+ l+a2)(tx (5.17)

0

All quantities are here evaluated on tle zero-order raypath, i e, v =V (x, 0,0),
V1 ,y.= V1.y (x,0,0) etc, and subscript y or z on V, denotes differentiation with respect
to that argument. In deriving this result we have also used the fact that 0, = dy /dx
and a1 = dz, /dx for small bending angles oi and 01 .

The integral in equation (5.17) should be evaluated subject to the boundary condi-
tions

i = VIN vlz = 0 at x -0
(5.18)

y, = z, = 0 at x = 1)

Expanding formally S SO + S +SS2, where St = (D(v1 ), S, = ©(v'), wc then obtain

D
So f (1 'VO)dx (5.19a)

0

D
* St =f v, (Ix (5.191))

0

S2 = f v.,y' (ix f VlZZ ( lx+ )(2 + ) (5.19c)
10 0 2
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In the last result we have used the fact that fa2 dx -l)aE andf dx DO, where

and 01 are now the final, first-order bending angles in the xz- and xy plane, respecti-
vely. The ensemble averaged optical path length is now, since <v ,> = 0

<S> = So + <S,> -- So + Q, + Q2 (5.20)

where we have defined, in view of equation (5.19c)

Q = 11) (<a,2> + <0, 2>)
(5.21)

1) 1)( -

2, = f <Vj.yy>(dx + f <V, z> dx
0 0

Integrating by parts the last expression and applying the boundary conditions (5.18)
vields

Q= 1)(<U,2 > 01>

l'hus there is a net reduction in average optical path by al amount

<S> So -11)(<a,2> 4 <0 2 >) (5.22)

relative to a non-turbulent atmosphere of refractivity v0 . .An alternative statement of
this result is that the average phase velocity is increased in the presence of turbulence
(Ilaugstad 1976, Eshleman and liaugstad 1977, ltaugstad 19781). The appropriate
generalization of this result to an inhomogeneous background is (Ilauqstad 1978b)

<S,> : - 1)(¢,K<0 > + oz<Q 2 >) (5.23)

where a, and j are the bending angles produced by turbulence on a homogeneous
background.

The above derivation of <S 2> apparently allows the following interpretation to be
made. The total change in phase path has two contributions, V, and Q2. The former
component represents the increase in phase path associated with the longer geometri-
cal path to the receiver. This increase is more than offset, however, by the Q2-Compo-

nent, which represents a twice as large decrease in phase path associated with the rays
"success" in traversing the refractive medium in such a way as to encounter, on the
average, a lower than average refractivity. We observe from equation (5.22) that the
bias in phase path increases with propagation distance in vacuum between the turbu-
lent medium and the receiver.

.\ wave-optical calculation shows that the general weak scattering result for the bias
in phase path is (Ilaugstad 1978c)

<S 2 > <XS,> (5.24)

where X, and S, are the first-order, wave optical expressions for lo g-amplitude and
phase path. Employing equations (4.7) and (4.8) and noting that 2XI = 01 , we find
that

<S2> frkV f j(l(u )sin (P)du_ (5.25)

with P given as before. A comparison of this result with the geometrical optics
cxpression (5.23) shows that the two results are indeed identical in the limit k " A A

* " further comparison of the two results also reveals that diffraction strongly suppresses
contributions to <S,> from turbulent eddy sizes smaller than the atmospheric
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Fresnel zone. We also find that for Kolmogorov turbulence the bias in phase path
scales with radiation wavelength as X" , implying that an initially non-dispersive
medium becomes slightly dispersive by the addition of turbulence (llaugstad 1978c,d,
llaugstad and Eshleman 1979). A result similar to equation (5.25) has also been

obtained by Lee (1976) from an evaluation of the second-order scattering produced
by simple diffraction grating.

5.3.2 Systematic errors in atmospheric profiles from )oppler or intensity measure-
ments

If the bias in optical path changes spatially, as a result of a spatial variation in either
V0 or <I >, a finite bias in both bending angle (and hence in )oppler frequency) and

intensity may result, as illustrated in
Figure 5.2. The turbulence strength is

AVERAGE here assumed to increase with atmo-
ATMOSPHERE PHASE FRONT spheric depth so that the average phase

advance is greater in the denser region
I of the atmosphere (of equations (5.22)

or (5.25)). It is seen from the figure
that a linear spatial variation of
<V2 > gives rise to a bias in ray bend-
ing angle, whereas a non-vanishing
second derivative of this quantity yields
a net focusing or defocusing of the rays

and hence a bias in signal intensity.

Mathematically the bias in bending
angle is related to that in phase path as
in

3<S2> <S>2>

Fiqure 5.2 Illustration of the average (5.26)
effect of turbulence on phase
path, bending angle and inten- where a 2 and 02 are the second-order
sity components of the ray bending angle in

The solid curve shows the position of the phase the xz- and xy planes of propagation,
front behind a homogeneous ambient atmosphere respectively. Ihe exact relation be-
void of turbulence. The broken curve shows the tween the intensity bias and that in
curved phase front when turbulence of increasing
strength in the z-direction is superimposed. phase path is still a matter of contro-

versy, even for the geometrical optics
case (Eshleman and Haugstad 1978,

llaugstad 1978a, Eshleman and Ilaugstad 1979, Hubbard 1979). Ilowever, for shallow
occultations several lines of reasoning indicate that the intensity bias must be of the
form

< k f _ 2> lx (5.27)

in both geometrical optics and wave optics, since, for reasons of energy conservation,
a finite value of <02> is conditional on a systematic spatial variation of the angular

Ibias". As the arguments over the precise form of both the angular bias and the
intensity bias, along with the question of their wavelength dependence, have become
extremely technical in nature, we shall make no attempt here to provide a balanced
expos, of these issues. Rather, since the resulting effect of these biases on derived
profilt-s is agreed b1) both parties to be very small, we shall instead use simple order
of magnitude arguments to merely establish the approximate magnitude of these
errors.

Relation (5.27) also assumes that <2> 0. This will always be true if both V0 and <V2 > have
strictly spherical symmetry, which will be assumed here.
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Considering the nominal occultation level (Oz 1/2) and disregarding numerical fac-
tors, relations (5.26) and (5.27) yield

<a 2 > < /H (5.28)

<01> - <S 2 >/H
2

where 02 -2/OZ is the fractional bias in intensity, and H is a typical vertical scale of
variation of either <v2 >",2 or '0 . By virtue of the assumed spherical symmetry of these
quantities, <32> = 0. In equation (5.26) the z-derivative at the receiver is related to a
similar derivative in the atmosphere according to a/az(receiver) = O)z /az(atmosphere),
so that relations (5.28), being representative of Oz - 1/2, actually overestimates the
biases in deeper atmospheric regions.

Refractivity profiles obtained from radio Doppler or intensity measurements will con-
tain a bias, <", z>, that is related to the biases (5.28) and to other second-order
effects. This refractivity bias may be obtained from equation (2.1b) by formal expan-
sion of V, in powers of v, and collecting all terms of second order, yielding

I- <v ,> + (2)'n ' d<a 2 > p1 2 dp (5.2 9 a)
< R o dp

i2 Z)2I<4z> -1(1+ z)<$1>jpi2dp (5.30a)<V,2 
> Intensitv 9 *_ R 0# 2 'I (

K

A closer examination of equation (5.29a), using the previously derived approximate
upper bound on <v2>/Iv2, reveals that the refractivity bias is probably dominated by
the second term in this case, ie by the angular bias. lv contrast, the right hand side
of equation (5.30a) is dominated by the second term in the integrand, yielding
approximately for the two cases

2) 1'2 -d o

<Vd >poppler '! ( d)of 11) 2 dp (5.29b)- fP - 1 (0z

<v" z> . . ___ ( I zf- -<o 2>p 1/2dp (5.30b)
SIntensity 2 O)

2RD2  0 O

Explicit evaluation of these relations, using the first of relations (5.28) along with an
explicit expression for <S 2 > obtained from equation (5.25), yields the following
approximate results for the fractional, absolute bias in calculated refractivity

( 
<
K

v
IZ1

> ) - IL 0  (aF0)p<v,> (5.30)
V Doppler Ra 4 2

( < ) - < > (5.31)
• .,Va' Intensity

Although approximate only, these results are significant in several respects. The
former result shows that the fractional refractivity bias is always small in the weak
scattering limit. For the Mariner 10 Venus and the Pioner 10 Jupiter occultations, for
example, we estimate typical values - 10-6 - 10-s if <V2>/v = 10-s is a representative
turbulence strength. We also observe that the refractivity bias decreases slightly with
propagation distance (as D"v for Kolmogorov turbulence) and scales with radio wave-
length in the same way as the bias in phase path, i e. as X-"' for Kolmogorov
turbulence. By contrast, the fractional systematic error in refractivity profiles derived
from intensity measurements is controlled by the entirely different quantity <$ 2>,
which may approach Unity in the present theory. However, as long as the scintilla-
tions are weak also the fractional refractivity bias will be small, although being much
larger than the corresponding error in profiles derived from Doppler measurements.

" Thus the fundamentally different character and magnitude found for the random
refractivity error for the two cases also carry over to the refractivity bias, giving the
radio )oppler technique a further advantage over the less accurate intensity measure-
ments as a tool for remote probing of planetary atmospheres.
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6 rURBUL.ENCE IN DEEP RADIO OCC:ULT:AIONS

6.1 General considerations

Most previous spacecraft occultations by planets have involvedl fairly shallow peneltra-
tion of the probing radio waves into their atinospihercs. Intc reasedl sensit ivtv of the
radio links of current (\'ova-er I and 2) and future spiacecraft will allow deeper
atmospheric regions to b~e pirobed liv thle radioi occult ation)1 method. Following
Eshlemnan ct al (1 9 7 9 a), we shiall reserve the termi "'deel) occultationl to denteW situa-
tions where atmospheric refraction deflects the ray b\ about a tenth of a planetary
radius or more, as viewed inl thle plane of the sky . Under such circuImstances thle
p~rob~ing waemay experience significant focusing. dute to thle curvedl llanetarv limb.
As explained in sect ions 3.2 and 3.3, in1 thle central reg.ions behind thle pilanet thle
focusin, mnay become compiarable to and evenltually slibstanltially exceedl the iit
defocusing caused bv differential refraction in thle plane of propagation. Correspond-
ng opI)ticalI enhancements have been iliserxei at carthI during the central occultation

of e-Gerniinrm by Mlars I Elliot ct at 1 9771)).

For a meneral refractivity field thle focus, or more properly thle caustic Surface, is the
locus of intersection of infinitesimally close normials I rays to t ile C(1 uliretractivitV
contours. If' these Contours are everywhere p~arallel to the pilatetary limib, this locus is
also thle evolute of the lanietary limib. Ibis circutmsta;nce has given rise to thle term
evolute flash" tEshlemlan ct al 19 79a0. which refers to the brief but very strong, signmal

enhancement associated with a crossing of thle evolute. For an oblate lIanet characte-
rizedl bv two orthogonal radii of curvature, thle locus resemblles afour-cusp cylinder,
extending along a line through1 the planetary center front a1 c-ertain in iiinum distance
behind the planet to infin ity. I-or a strictly sphericail refractiv field thle evoIlute
degenerates into a single line.

The basic theoiw of such evolUte flashes has been worked out in two recent publica-
tions. Ihlese papers hiave either emphasized the IMlnial informIlation about gravitatio-
nal moments, pilanetary rotation and zonal \\ind that can be obtained from olbscrva-
tion of the evoIlute flash ( Esh eItnan oi al 197 9a ). or thle possibility of using the grav ita-
til(1 focuIs Of thle Sun for ea~ esdropping, and conmuntc~it ion over interstellar dis-
tances I Eshlemian 1979). Hie theoretical piredlictionts of' these papelirs were based,
however, onl thle assumptloin of a spiherical (i- near-slilerical dlistributition of refracti-
vity. Any' (leliature fro m such a1 degree of symmetr, as Caused for example by a
mnore compilex global (list ribut ion of refractivity or byv snialler-scale t urbulecec, will inl

pirincipile affect thle piredictioins from this theory. [he extent to which this Occurs is
investigated here by evaluating thle genelral results deCveloped in section 4 for thle
scintillation index and intensity po\%r spctu close to the focal line, followin~g
essentially the dlevelopment if I Iaugstad ( 1981 ). [hec general results of this analysis
will then lie applied tio the *ictual . onditioits of' the recent Voyager I jupiter focal
evolute crossing,, aind alsoi toi exam ine thle effct of solar corona pilasma irregularities
on the performance of' t he gravitat ional tlns if the sun.

For the reasons given at thle eil (if sec(t ion 4. 1 ,no attetmplt will lie miade to evaluate
the fluct uat io ns in riD oppler freq uncIIV near tilie fictis.

6.2 Scintillation index and power spectrum close toi the focus

[hle weak scattering s(:iitillatioin Ind~ex assoiiatt w\ith thle near-litnb ray is, from
e(lUatioits (4.10) and (l4.25)

* .~ '~~ > Xff.k 2 IF(li ui1 sin'2 dli U, a)2 l (6.1)87T P)21 (. u J
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where the upper form is for a coherent (radio) source, and the lower form for an
extended (stellar) source of projected angular radius a above the planetary limb. For
the tar-limib ray, the quantities 0,. and 0, contained in the definition of P remain of
thle same tori,. except that O, -'10 j, since 0.. is neguative (ceD > R) for the ray over
the far limb.

Partly because of the ray-optical nature of 0yand Oz, and in p)art because of approxi-
inations made in the dIerivation of equation (6.1) itself, this result is only valid
beyond a certain minimum distance from the focus. The former constraint coincides
with the distance w :Xl)/R given in relation (3.21) as the width of the focal maxi-
mumITI. [he more constrainingY condition associated with the neglected terms in the
stationary phase expansion was established in section 4.1 as O. =(R/rj- < (RH)'/

aj \Oix ere r. is the distance from the spacecraft to the tocai line in the plane of
the sky. Ihus equation (6. 1) should not be used close to or within a distance r-L
at.( (k/i1)'1 2 fromt thle focal line.

(:onsidering' in the sequel thle coherent source form of equation (6.1 ), the form of the
scintillation index in the focal re-ion is found to depend strongly on which of the
two inequalities

that are saItisfied. "'hen a V.0 - aFh << Lo, the appropriate form of equation (6. 1) is
gliven by equations (4.23a~lb). Lvaluation of these equations yields for (P < I

0 3Q V_ )p 7_',£1 (&)2 ~ (6.2)

w\here K, - In 221,3-1,12secirp!1 1r((-)/)/ (p3))F-l)I This result is
'.alid for 3 < 1) < 6, and for depths of occultation such that OzO, tUr/(R-rR < 1,
while simutlt aneously a t.p R/r 1 )' 4 Lo. Thus focusing around thec curved limb causes
thle sc intillat ion index to increase as r' " (assuming p =11/3) as the focus is
Approa.ched.

When thet occultat ion has proceeded to thle level where a lt h > Lo, equation (6.1) max'
be xautdSubject I ) thle stronger condition at h 7> Lo, to y ield asym ptoticailly

< (6.3)

where K, I 6i1T I'( p/ 2 )/ 4p- 2 )l'( 3/2)1' I(p-3 )12 ) 1. According to this result there is no
explicit r.-dcpenldence of' hie scintillation index in this regime, the only possible

11h111"'e in <j> being dlue to t he very slow change in <Vf > I owards the focus. But
(l(Jsc t'o Ii he cus where Iti -h 1 .0 and 0, Il/R. thle change in altitude of the ray
peia.1lis as r, 0 isa small fraction of a scale height only. 'Thus <V' >, and hence

also<~ , i ves narl costat i ths rgion. [his situation is depicted schemati-
(ally in Figure ti.l

I fe limmdcciate reason for thle plateau in Figture 6.1 is the assumption imbedded in the
turbulence pow~er specetrum, equation (4.16). that 4) is itself constant for u < Lo I . A
c-onstant power~ spectrtum in this region is merely a convenient way of imposing a
finite %ariance on the fltictuations in refractivity, however, since +F cannot increase ats

-1) al th a oad i=0i n v > is finite. In actual p~ractice no
Well-defined Outer scale exists. and any* structure in (Fin the range u< LO will, of

4 ncesslit\ ,also affect <(5'> close' to the hcus.
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o0 a2r0/L20  r1 R

Figure 6.1 Illustration of the qualitative variation in scintillation Index with fractional
occultation depth, rJR, for a fixed planet to spacecraft distance
R is the planetary radius, and r. is the distance from the spacecraft to the focal line in
the plane of the sky.

The point source inteisity scintillation power spectrum is, from equation (4.37)

2 sin2 (0x) CSi(Oi+ 5) + Ozsin2(Oi6)}

W(W)) =_K20) C _ f 0)C ' dx (6.4)
, lI + (- 2 p/ 2 tX2 1)1, 2

As before, c = 2w'11v*/aF is the Fresnel frequency, w 0 = v*/L 0 , and 6 = tan-' (v*/
.C = 0 _

v.), where Vy- vVvy vz  v are the ray velocity components at the ray periapsis
c6rresponding to the velocity components vY and vz of the spacecraft in directions
parallel and perpendicular to the limb, respectively. For the current conditions it is
possible to derive an approximate analytical form of equation (6.4). To this end we
first observe that normally vz/v v < (vz/vv).(lOHri/R 2 ) 1 in deep occultations, so that
6 0, characteristic of a grazing occultaiion. I)efining w'c = wcO'!I2 , and noting from

the definition of 0) c that wc. a O, in deep occultations, we find that

W() (x wsin 2 ( 0T). X xdX (6.5)Wc&€o [I W 2 1,12 ,2 1)1 2

C0 0

Examination of the integral shows that

'sin 2 ( -  for w < )0t 0c

W(0W) a , (6.6)

0)t-Psin 2 
0--2_) for 0) W O

* Note that, while initially too/lc - (aj, 0 /Lo) < I per assumption, in very deep occul-
tations this ratio is reversed, since there wo/w'c - (aFo/ILo)'(R/r.) ' > 1.

The relations (6.6) imply that in very deep occultations the scintillation power
spectrum has the form depicted qualitatively in Figure 6.2, with the bulk scintillation
power confined within a band 0)c < w w:  w,. As the focus is approached, both w.'
and w0 increase. The bandwidth also increases, however, since w0 c c (R/r±)" 2 while
wo a R/r1 and therefore increases faster than w(_. by the factor (R/r,)". The increase
in w0 towards the focus by the factor R/r± is caused alone by the similar increase in
ray speed at the periapsis. The slower increase of w'. is due, however, to the compet-
ing expansion of the horizontal Fresnel scale by a actor (R/r,) I2, which, if acting
alone would reduce 0) by a similar amount, and the increased ray speed which is
proportional to R/rj.
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igure 6.2 Qualitative sketch of the poioit source intensitv scintillation power spect-
rum in et'ry deep occultations
t he tharacteristic frequencies cO. and cO0 are defined in the text.

In the temporal domain, the bandlimited power spectrum described above corresponds
to typical scintillation time scales less than, or at most equal to, that associated with
the low frequency boundary of the pass-band, that is '-' . Thus Wc is also a
characteristic temporal frequency in very deep radio occultations.

Bv w,tv of illustration, it is readily proved using the previous relations that one scale
height from the focus, where the background intensity has risen to the unocculted
le, i (0 = I) according to equation (3.11), the lower boundary of the scintillation
pass band is at about 100 11z, if v = 1 knlst a. - = 1 km and R = 10' km are repre-
sentative values. Such rapid scintillations may severely impair the ability to track the
radio signal through an CVo1lIte flash, in particular if the scintillations are also strong
(KO> 1).

6.3 Alpplications

6.3.1 lhe Voy agcr I Jupiter encounter

lhe first positive identification of the refractive focus of a planetary atmosphere is
due to Elliot Ct a! (1977b), who observed the "central flash" of e Geminorum as it was
occulted by Mars on 8 April 1976. By contrast, the first attempted radio transmission
from the focus occurred by the recent passage of Voyager 1 through the focal evolute
of Jupiter. According to Martin et al (1980), the radio signal displayed several peaks
in intensity near the expected position of the evolute crossing, but none could be
identified as the evolute flash. The absence of at detectable evolute flash led Martin
and colleagues to establish a lower bound on the microwave absorption, most likely
ciused by NI I., near the -4.3 bar level of the ray periapsis when crossing of the
evolhte occurred. We estimate below the weak scattering scintillati-rn index during
this evolute crossing, and argue that its high value may have contributed to the
unsuccessful atternmpt to idlentify the flash in this case.

.\ formal calculation of the scintillation index near focus requires an estimate of
' > . ~ \'e will assue(, that

*. . ,{ >/V , - 0- (6.7)
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%%, here VL, is the atub ent refract ivity at the( raty peiipsis during, thle eoIlute Crossini'.
Hih value Ii relation (6.7) corresponds rtonghl\ to t nrhiilence off the( strength found
immnediately above the earth's boundary li\ver (Biuttonl it III I it) If AlSO the (After
scale and the am1) ient temperature at thet ray periaps is are equa ted to I k ill and
200) K, respectilve ly. The anibieitt refracti~ i\ Is related to Its %aluec at stanrd(i~ temnle-
ratUre and pressure (SIP) bw

V 0,S*P PO F

\%-here (p 0 T) refer to the standard condition (SIP I. I sing '., 0~(.000136 as fo(r
a1 puire 112 -tmoslphere, we find that V,, .- V C1 WhichI vieIlsI the a1lICe 6 -1
for <P21>. Pu~tting (1=1)')2 anil 11 30 km.l we obtain fo(r the S-hand (I - t0.13 111)
o('cl~ltat iof usinig equationl (6.3) and the previouIs (Si imates

< Q 1> 6.-10 1

Fill s high \-aile of the wecak sc at tering scintillat ion iiidlex sugge-sts that thet sc'intilla~-
tions have saturated to Unlit\ wellI belore the Focus is reaclied. If' real. such sr
scintillations would sign'ificanllty\ change1, th l mXIiumI in~tenIsity reClative lt ilie ideal
predition for ani oblate planet (cI e(1uatiofl I 5 of F'shlemanl cl Ill 19 7).0. 1kurt her-
more, the matched filter tchiqueti emlployed b\v Malrtin olol W!180) ito detect Olw
flash, requires signal coherence (15Cr aL (Certin, iiiiii tonel..I it'% (d the diSculs-
sion tn section 6.2 it is clear, hoee.that tis 1 i (iinciliot lie Iiit closec toI rte
focus where the scintillation tme mce appromo ies" /,cro. I hIItS sciiitillatioiis 11ia'1\Itixe
inmpairedl the mere detection ofl the ('\)olt(' hash. 11M 11and hex~I~ iite tLILlIMIIeiiil

difficulty imposed b\ thet %(er\ -troli NI1 I .hsmrpr io ,i lie S-hind radio sgi
along the atmuispiherit hurt ii ii th liIax Iiaih

6.3. 2 [he gravitat iial lens if' the silo

F'shilernan 1 979t gises flte miaminun-iI,)- lt it)d itiiit\ lIi this t tsc is

whe r c ,1s t he gr.i ttiu l ra iu Ii I IstII - IIIII lt I I it III. lIII, lcs1il1 I, il -i t ll .1
plane. coherent waxe off %%wmiiniher k dclc ted t hi iiji iII nije Li 2r,,,, a, aIs the(
impact parametehr) b\ thu( solair dix iiti tld !wld. \wi\ )Y'l l~iiss Is tw to1mill to)
sign ificatitl\ degrade the mia\irnitim licniiiif 1( 1it imt~i hi\ c,1iiiitui 01.1)), Soti
deg'radation Ina\ he I.itised. litm iw -\ er. Ii ) 111' 'od IT 'nit pilisn i. \ i\ Im 1111' . ,c
additional bending o i wave ia-u, \v\ fril Oic t li hit, 1" x11 a if'11 (i fni lp-i i iilic

loical plasmia gradient and f lie- raito xci eh-.

Inference froill( thecoitliLIml4l 1 of stal sites hiiiiii ftth Ow Stlit \\In 1 .islti.1 I
jioki;)ii 1973), suggests that also( the solar iiiiiia~ is itim ii-tuuhi .i lttttn

o)f scale sizes rang Iruin tI )cbx leitt ti, t jsss"I i'tel'd\I tiilt' 'lidtbi

dimensi is tof thle coronai.

[lie approximiate eiffc t of(d gis dr i i 'tonil phiaisi Nilt1111 in o: llj t ix 1 lie

applreciated hi\ finditil( t( iititm Itfiiclt xd ilt i Oie adill'uITI phlse shift lolp-td
by~~ ~~ th hiatl sls hn 2. 1 his Is the( t4III1m oHIMi iOw tIii It-siiI 1,1c iit

o(herenit ainid the signal intensit\ bcifvtg t'sscntiallx unith. fit ted liftlie- plasmal. I.,or
larger phase' shifts flue Ftesmii /i hu(-tiks, tilt fil't h' t mltr IIIiii Il))I )fit, It' lts
with a I (irrespiuing drop iiini~~itl itclisiS lieis the xAilc g'i xiilo eb\ u
tin (601. ~ills requiirt

k S~ 1 I t 10)

\,% here <S~ is thle tneali stluaritI chanige [il phase pat Ii f t lie radhio \% ixc imposed 1)
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the coronal )lasma. An additional constraint to ensure the -alidity of equation (6.9)
is that 4', > < 1. In very (feel) occultations, where aV.h > Lo this condition is, from
equation (6. 3 )

K, - ° - <V,> << 1 (6.11)

It is important to observe that as long as ayh ) Lo, the two previous conditions are
essentially identical regardless of the magnitude of L0 . Indeed, from an explicit evalu-
atioli of <Sl > it follows that in this case

<02 > - 2 k'<S2 > (6.12)

It is thus immaterial which of conditions (6.10) or (6.11) that arc imposed to ensure
the validity of equation (6.9). A result similar to equation (6.12) has been obtained
by Salpeter (1967) for a one-dimensional turbulence model. Equation (6.12)
extends this result to three-dimensional turbulence on an inhomogeneous back-
gro)und when the leading dimension of the atmospheric Fresnel zone substantially
xccds lhce outer scalc of tuorbulence.

.\sstming l1, - R (R is the solar radius, so that the rms phase change is comparable
to that imposed by tile aewr,,' corona, wc calculate below the coronal change in
)hase phath c(orresponding to the modified Baumbach-Allen plasma model proposed by
rvler et al )1977), which accounts for latitudinal variations and the effect of the solar
wind plasma. I)enoting by p and 0 the heliocentric distance (in units of the solar
radius) ;it)(l solar latitude. respct iely, this iodel asserts that

2.99 1.55)1()14 3.44 l )' (6.13)
gc -l 16p 1 ()10'  .. 1 ((,'osI0 ,,-,'ln (6.13
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where N c is the density of electrons per m3 . The associated refractivity is

V1) = --4.48. 10 - 6 X2 N e  (6.14)

with X in units of meters. Using equation (6.14) and the previous equations we have
calculated in Figure 6.3 the ratio K - <Sl >1"2/X for different values of p and X. The
ver\' large values attained by K for even large heliocentric distances (p 10) and small
wavelengths (X- 1 mnm), strongly suggest that coronal plasma irregularities both
reduce the coherent size of the Fresnel zone (and thus 0max) and cause severe signal
fading as the focus is approached.

.\ccording to Figure 6.3, near-optimum conditions can be restored either bv moving
the ray periapsis to larger heliocentric distances, or by reducing the wavelength below
about 10"-a m. [he former alternative is not particularly attractive, since the distance
to the focus behind the sun increases as p 2 

, and is already 100 DimiIn at p = 10
(lmin  550 .\U is the distance to the nearest focus corresponding to p = 1). The
Apparent solution is therefore to use very short wavelengths, provided present techno-
logical difficulties of sub-millineter communication can be overcome.

7 DIAGNOSTICS OF SMALL-SCALE ATMOSPHERIC STRUCTURES

7.1 General considerations

Turbulence in the free atmosphere owes its cxistcnce to, (i) thermal instabilities. (ii)
wind shear, or (iii) the breaking of large-scale, vertically propagating waves, such as
internal gravity waves. These are physically distinct processes that max' lead to differ-
ent spatial distributions and characteristics of the turbulence. For example, a convcc-
five instabilitv may be more likely to occur near the equatorial plane on the day side
where the solar heating rate is a maximum. On the other hand, wind shear and
the associated turbulence may be sharply confined in altitude, but may not be other-
wise restricted to particular planctographic locations. A cotnmon feature of well-
developed turbulence, regardless of the characteristics of the source, is the universal
form of the turbulence power spectrum in the inertial su~brange where I' < u < .
-hc magnitude of the outer scale, being a characteristic dimensiom of the input
rcgi n, depends directl on the specifics of the source, howvevcr.

In the tubulence model (4.16), tile two quantities <v > and L0 are of principal
interest. One might also want to estimate the slope parameter 1) from the occultation
data, as has been done by Woo et al (1976. 197 7). It should be emphasized, however,
that a statistically significant departure of p from the universal value p = 11/3 in the
inertial subrange, would imply the existence of turbulence that is not well-developed.
[hat is, it is of an intermittent and nonstationary nature. The positive identification
of such intermittent sources of turbulence would in itself be important, but the
particular spectral shape recorded would be (lirectly' linked to the specific event and
would not bear any universal significance. The quantities <V2 > and L, in well-
leveloped turbulence would be of much greater interest, since the atmospheric pro-

cesses generating the turbulence will be of a more stationary character in this case.
Ilie specifics of such processes, such as the turbtilence strength and characteristic
dimensions of the source, may provide important observational constraints on theore-
tical circulation models of painetary atmospheres, as suggested initially b\v Woo t (11
1974).

In order to estimate <v,- and 0 front ccultation data. one should iil princile
(c01rsider quantities that exhibit the strongest possible dependence on tihe magnitude of

- -4 these iarameters. For the former, the scintillation index and the associated power spec-
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trun is such d quantitV, whil' for the otlter scale the phase scintillatiots is tht
nat ural quantity to examine. Also other signal characteristics may be used, but will
tl0 lIC oulsidc'retd here.*

We discuss be low spoificti Iy how the characteristics of small-scale atmospheric struc-
ttUres can Ie olbtaiied fromn occultation neasurements. It is deened imnptortant to
txplore both the limitations and capxabilities f tile occtitioill techIniquC in this
re ard, since once this potential is realized, such experiments Il h be planned to take
fullest possible advantage of their intrinsic capabilities. Parts of the discussion here
coseIV par,tall that of allaugstad (1979a).

7.2 E-stimiatioin of the turbl'nce strength

Before t1\ "wigly'" ' occult ation curve is analhzed for its expected turbulence con-
tent. it shitld he ,ascertained that the recorded small-scale siructures are in fact due
to turhlehnce a1nd not to other atnospiheric structures (e g, "layers"). or to ntnierical
atifacts introduccd during the data recording or the suIste(uent analysis. lhte best
\\a to iniake such It cleck, w h iti) po )babh lit by examining thw intensity 1)wer
spectruin and tile scintillation index. Assuming, that the intensit\ Ibackground hlas
been properly removed, the weak scintillation p)wer spectrum should conform, with-
in proper linits oif statistical sig1nificancc, with one of the characteristic shapes dis-
played in Figurcs 4.3 to 4.9. for various ge onletries and dCe)ths of occultation. As an
alternative, one inight identify tile Fresnel "'knee" tt We in the intensity power spectrum,
and dctterni me it it scales with wavelength as X' 2 for radio occultations. Within wide
bounds on the sp ectral slope parameter p 2 < )< 6). this scaling is independent of
p. In stt llr i)ccut tttion l owcr spectra, the position and shape of the corresponding
"kie''" dcpnd )i tilte retlative size of the projected stellar radius and the free-space
l rtesntel zone . If 't, ,i a. the "knec"' is determintd by , and is therefore essentially
ildepelildetlt of waFehngth, -t)r a, - a. . stelltr scintillation power spectra would in
aill respects resemlh l)seI\ tiose of coherent source.

A final chck ion thc cxpect'd .itthenticit\- of' the turbulence is provided by the
sc-intillation ilifhx, \Whith sc,tfes with \verlenlgth as X'" (

' for 'altues sma1ll conlpared to
un1it\ .

)lce wecll-deveopc d tirhuh'lilce hls Icen rehahl idetitificd, its strength and spatial
\.rirl io lli\ in principle hi ()htain-d from til ohser ations via the theoretical rela-
tittinsipiis ,hc\elopid in sectiin 4.3. Fltis. for siallow radio occultations and 0, < 1.
cqluaition ( .23;,i1 \ichds

c ,1> . ( I1: I I R X ield> (7.1)

w-,vhere is . i nilmerici constant. " If a estimate of l.O has been ohtainetd, ias discussed
ill tie next scttitl. equation (7 .1) proi\ides an estimate of <V> in terms of t2>c

-, scintillattion index if arlso 11, is known..A natuoral first choice of li t , consistent with
the ,itnilospheric model adopted here, would be lI lI I1. A more realistic estimate can
he olitainted from the spatial variation of <0^ > itself if this quantity has been corn-
po ted o)tr ,i few torhtlCicc scale heights o)r more. Inleed, if good quality scintilla-
litil data are availahle over i rainge in altitude, the actuatl variation of the scintillation
intlx iay It' eUst(d to imprtve the exponential turtulence model suggested here, and
th(r'i) y teid .i mo)re accturate estinlate also of Kv2 >.

Wm 't al 1 977 ) ilL stgguest'etd using tile m1l (t oh-rcu ut' hinuntion ,and Also the quantity KX ISI"
jWm, I1)7 9hi, whit h i pro)trtlonal to <S 2 >. I'i- LItter quartit\- does not appear to ftcr n'\

-4 .1dvantage over IiC st indiii Iii 1) nT X. In the w .ik sto tt cring regime, inctorporation of the inhomo- -

genvtncou, hit kgroind, not i onsider'd bv WOOt I tl (1477). shows that the mutual (ohercncC
fun(tion is Is IInI)tl identitatl to the phase scintillitions in terms ot its 1lotential usefulness for
dete' itril nlgt - lI'l -', ir L

o .

-- - " - ' . .. . I-: ; _l lll • il l l,7



58

For stellar occultations the analogous relationsh ip to equtat ion ( 7. 1 ) may be obtained
fromn equation (4.25). AXs previously noted. hiowever, thlt explicit forn of: this relation-
ship depends critically on)i thle ratio aI,/d l.j. No ,,eneral rekLit i tsh ip of the form (7. 1)
cani therefore be given inI this case, except when the ratio) Is either very' small or very
large compared to unit v. InI thle former case eqtjkitioni (7.1 ) clearly applies, while III
the latter ease the ap~prop~riate relationship is ob~tained from equtat ion (4 .2 6a) as

KV> 7 .~' t'-1^2 R'-1 4> (7.2)

where q~ is a numerical constant.. Again knowledge of .I, and 11,~ yields <V2,> i em
of thle scint illat ion Index for thle hig.ltit Atitle regjins pirobed in stellar ectilt at iol
experiments.

Instead of <t< 2> one ig.ht %%ant to est imate the refractive Indlex st ructuore coinst ant,

(.2Ar s , -r1

where 1)n is thle refractive inidex structure fue t .it follows fronm thet defi i it i( 1S Of
D"n and L,( that

From thle pirevious results it therefore ftollows that

[hle upper form with KR> 2 Is for radio ticcultattittns. .indtltit lower form w\]it
Ks- >277 for stellar occultations. I'ht( unknimwn %Ait- of 1, is here a,ilstrbcd Into the
strtucture constaint. Hic temperature strutr tttn MStiit ttricspittdiiig tto C(-, ftor ais-
Stitrid adliabiatic Co~nditionls is giw n by c(utiatimn 1.21 ). Um- ratlio -culttittn weitl
that

C ~I ) 12 , 10 2 1) y (7.

and with a corresponding re-sult for si ellair oc cult at ions when t It(- tcondit ions leadlIn-,, to
equation (7.2) are satisfied.

Thus equtins 17. 1) and( ( 7.2) ielt the( vatriance tef the refractkie Index II oct liat it is

in termis of thet scintillation index once, 1, and I ll hawv beenl stipulated. From the
relationships (7.4) and 1 7.5). roughI estimates of the .ipJrop~riate structure constaints
may also bie obtained from .t met-survcent of the( scintillatitn index, using, pritor
knowledge of" Ill~ only

From the analysis of section 6) It mnay be shtowin thatt ft rnial relationships closely-
similar to those developed here also hold for deep occultit ions.
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7.3 Estimation of the outer scale

As we have seen, an approximate measure of Lo is a prerequisite for estimating <v,>
from the scintillation data. However, by virtue of its character as a typical dimension
of the macroscopic flow generating the turbulence, knowledge of the magnitude of
l., is also important in its own right.

he natural quantity to examine in this case is the phase scintillation power spec-
trtum, as given in analytic foni and computed for different occultation geometries
and depths in section 4.4. The relevant feature of the spectra is the "knee" at
(c0 v*/Lo. Since v* is known, the position of the "knee" is directly related to
the magnitude of Lo0. It is moreover significant that the position of the "knee" is
independent of both occultation depth and geometry for shallow occultations. In
actual practice the turbulence power spectrum will not have the idealized form as-
sumed here, with constant power for u '- L'. A significant departure, one way or the
other, from the averag-e high frequency slope of the phase spectrum is probably the
feature that in practice signifies the wavenumher location of the input region.

In deep occultations the estimation of L.o is less easy. The situation is simplest for
moderately deep occultations, where aF.0 < aFh << L 0 . In this case the spectral shape
corresponds closely to that of Figure 4.4, with the transition to small fringes at W = wc
approaching o as aFh increases towards 10. At still greater depths of penetration of
the ray, where aFh > Lo, the phase power spectrum assumes the asymptotic form

W(W)( , ,, W'. (7.6

I co cos: ( 2 ,, W o 0

The povcr spectrum thus has the form displaved qualitatively in Figure 7.1. Identifi-
cation of l., is seen to depend on the possibility of detecting the onset of the o"

decrease in scintillation power above wo. The large fringes in the power spectrum in
this reiomi may hamper this identification, a problem fikehy to be compounded b\ the
expected rapid inrease of co itself near the focus. On the other hand, if the transi-
tion in spectral shape at w - wo( has been identified, determination of Lo is readily
accoil 1lisheld by the usual relationship L0o v*/I,.

W LJo-

\L

(C

Fi.k urf 7. 1 Qualitative sketch o/ the phase scintillation pou er spectrum in en, deep
O(Ccultatio.o

* - I he t harm tcritsi( freiucn, iCs .111( 1 c o are defined in the text.

I
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7.4 Planetar' rotation and atmospheric winds

We discuss here the possibility of extracting from the scintillation measurements
information about planetary rotation and atmospheric winds. In the earth's atmo-
sphere this technique has been used extcnsively, having in fact reached the level of
sophistication where a horizontal wind profile has been obtained (Lee 1974). Scintil-
lation measurements have also been used to dcrive bulk flow velocities of the solar
corona and solar wind (t g, Woo 1978).

The theoretical feasibility of such measurements rests in all cases on the identification
of characteristic features in the scintillation power spectrum whose location or shape
depends on the atmospheric velocity across the line of sight. Considering the fixed-
axes coordinate system of Figure 2.1, the ray velocity conin)(ments at periapsis relative
to the atmospheric motion are

v Q\ v > . = \a , v (7.7)
V \ z z

\w-here a superscript s has now been added to the spacecraft vehoity components to
distinguish from the corresponding components of atmosplheric motion. v and vz
The latter may be dominated by atmospheric rotation or by wpinds, depending on
planetarv rotation rate and occtltation geo metry.

While in the previous sections we have assumed both Nv and .to e negligible, we
h're ask for effects that can he attributed to the finite values of these quantities. For
a sphericall" s/ .lvn etrik atmospshere the rotational part of v is zero. Since verticalZ
wind velocities are normall% \ery small compared to their horizontal counterparts, we
shall assume in the sequel that v' = 0. In this case

z

, . 2 \.- 2 J 12 (7.8,t)
S Z. 1

in ' (7.8b)

z 0/ Z

\hcre the relatkie ray speed \ ind ohliqity factor m determine the location and
shape, respectively. of ihe intensitv power spectrum, as del)icted in Fiiures 4.6 4.9
for shalhmv occultatii)ns, lhese spectra are also valid in (dee) occultations, provided
a.h< L- . as explained in section 6.2. In very (fee ) occultations, where aF.h > "0,
the form of the inttensit\ power spectrum must in general be established from the
gencral result (4.37). If 0 is such that ml- I . the power spectrum has the charac-

teristic shape displayed in' igure 6.2. with the low frequency boundary related to the
characteristic frequecy W' 2 ' 2  /ai a Fh n c e to \* and v,

It is clear from C(luatio(ns (7.8a) and (7.81)) that in order to relate v\'I to the location
A. Ift of the spectral "knee" at u ) =o (O for deep occultations), or to the spectral shape,

it is necessary that v. be at least comparable to the component . due to the
sl)acecraft alone. This" fact accentuates in the present context the' irfiportance of
near-central (i c. deep) occultations. Indeed, if over some range of the occultation
O\ \.y!5. 1.I, then both v* and m depend crucially on v' whenever z _Iv',,
which is likely to occur at some stage of the occultation: In this regime. both the
shape and location of the piower spectrum yield indirect information on the magni-
tude of v. In sonic cases the magnitude of v a may be such is to dominate v* and m
even for shallow occultations. For jupiter, ?or examlple, the rotational component
alone is about 13 knis for a meridional occultation over the equator. For an occul-
tation over the polar regions, the rotational component is very small and vA may here
be dominated by the wind component.

(.
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It is apparent from the sketchv discussion above that information on wind speeds and
atmospheric rotation rates are indeed within the capability of the occultation tech-
nique., lowever. since such measurements depend critically on details of the occulta-
tion geometry, it is important to fully examine these capabilities in the planning stage
of a- spacecraft mission.

7.5 Practical considerations

I the discussion of the previous sections we havc onl\ briefly alluded to the several
practical problems involved in the estimation of turbulence parameters and atmo-
spheric motion from occultation measurements.

The major practical obstacle in the estimation of <v'> appears to be the limited
statistical significance of the scintillation index. This problem is most acute for a
central or near-ccntral occultation, since a meaningful evaluation of <OAI> must
employ scintillation data covering a range in altitude of less than a turbulence scale
height. In a near-central occultation, tile number of inde)endent "ripples" in the
intensity-time: record is at most No) lIt/ap, since a-0O is an approximate lower
hound on the correlation len,gth of the intensity fluctuations in this case. Since No is
typically on the order of 10. it is clear that the statistical significance of <0'>, and
hence: of <v21j >. may indeed bc very poor in this case. The problem of low statistical
sinjificanc compounded by the principal difficulty of subtracting the intensity
background from the fluctuation part of the signal, as discussed more fully in sec-
tioi 4.4.2. Because also I l/ay. 0 = 0(10), the intensity trend function may have signifi-
cant iower at spatial frequencies 1 -. ,, implying that irremovable contamination of
the scintillation index and power spectrum from the ambient background may be the
noral situation in near-central occultations. )espite this fundamental difficulty, it is
important that an efficient and common procedure be used to separate the intensity
backgr,,ond fri ) the flucluation part in order to minimize this problem. as pre-
viouslv argued.

[he situation is entirely different for shallow occultations. In this case the ray has
only a very slow vertical motion, but covers a large horizontal distance at essentially
constant altitude. Indeed, in tie central portion of the occultation the ray moves a
horizontal distance - -- (RI 1

t ) ' before the altitude of the ray' pcriapsis is changed
b o tne turbulence scale height. In this case N, - /aF:0 > No), so that considerable
spatial averaging and corresponding high statistical significance of A2

> and <1,-> is
possibIc.

Fl'h practical estimation of I., is probably most hampered by the inherent lack of a
well-defined value of this quantity. Indeed, the transition from spatial scales in the
inertial subrange to the input-range will for all practical cases be gradual, and an\
quantity or explicit result that depend on the precise value of L0 should therefore be
handled with corresponding caution. Apart from this inherent imprecision of L0
itself, the statistical argument presented above apply for similar reasons also to the
estimation of this quantity.

The estimation of atmospheric bulk flow and turbulence parameters in deep occulta-
tions is affected by statistical limitations in the same way as described above for
shallow occultations. lxtremely close to the focus, where both o and 0c change
rapidly due to the rapid change in Ov, the effective length of the scintillation time
series, over which 01 may be considered stationary, depends critically on the various
parameters involved and must be assessed for each particular case.

'c have descril ed above some important constraints of statistical nature that are
• I likel\ to affect the practical estimation of turbulence parameters and atmospheric

inotions from occultation measurements. Neither the potential nor the statistical limi-
tations of this technique appear to have been full\ appreciated in the past. It is

now" I"|
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strong scintillation regime may be beyond feasibilit'. It is possible, however, that a
more heuristic approach, eg of the sort suggested b\ Sap'tV1 (1967) for turbulence
on a homogeneous background, can be used to tie.it or, it! ;cintillations with the
ambient background included. Together with selected1 iii u ricA computations, first in
a one-dimensional model, a combined approach of ti,*. ,i mav be the only reali-
zable path towards a better understanding of the varioi, .,.,w 1, of strong scattering
effects in occultation experiments'*.

.\nt extension of the present thcor\' to strong scattering should also encompass the

s\stematic effects. In strong scattering they are likely to inviolve all powers of V, and
slould therefore exhibit entirely different characteristics in this regime. Remarkably,
the intensity bias may be the easiest quantity to generalize to strong scattering. This
contention rests of the result of a preliminary analysis (llaugstad 19791)) which indi-
cates that the mutual coherence function, which reduces to the average intensity
when the two field points of its argument coalesce, may be extended in analytical
form to strong scattering and an inhomogeneous background. No similar indications
have been found for the phase and bending angle. These latter quantities are more
easily obtained from numerical calculations, since they both involve only double
integrals for even a two-dimensional propagation model. While a numerical evaluation
mav not be satisfactory for assessing the qualitative aspects of the systematic effects
in strong scattering, this approach is full\- acceptable for assessing their approximate
q tiantttattv impact on occultation experiments.

The fundamental problem and question motivating the present analysis has been to
what extent turbulence in planetary atmospheres limit the accurac" of profiles of
refractivity, temperature and pressure obtained from occultation measurements. We
have contended, either explicitly from rigorous analysis, or from approximate or
heuristic reasoning, that in the limit of weak scattering this influence is very small.
.\n answer to the basic question should le pursued also for strong scattering condi-
tions, and we have indicated how this might he done. [he fact that turbulence
effects arc in all probability small, at least in weak scattering, implies an added
piotential of the occultation technique to also yield information on small-scale atmo-
spheric structures. Thus, even though the effects of turbulence on derived profiles are
s11al., its various iml)rints on the occultation data may be extracted and subjected to
a separate analysis. SubJect to the practical limitations discussed in section 7.5, this
analysis would yield estimates of the turbulence strength and the outer scale in both
shallow and deep occultations. In vcry deep occultations, where atmospheric rotation
or velocities intrinsic to the atmosphere dominate over the ray speed, information
also on the two former quantities are within the capabilities of the occultation tech-
nique. Since the formal, weak scattering scintillation index is typically very high in
such experiments, as examplificd by the estimate for the Voyager 1 jupiter evolute
crossing, an extension to strong scattering conditions of the theory developed here is
a prerequisite for measurements of this kind. If this has been successfully done, and if
other sources of error can be controlled and kept on a low level, careful planning and
interpretation of occultation observations may provide a very important source of
information also on atmospheric circulation and dynamics.

" Recent results by this author, based on a slight generalization of the stationary phase technique

developed in section 3, (toes show, however, that some analyticat. strong scattering results for a
homogeneous background ( ., the mutual -oherence function and the asymptotic scintillation
index and power spectrum) may be simply modified to accomodate the effect of an inhomogeneous
background.
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